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QR STU VWUXYTZTRSTR [U\TY] ^ YUS _ `aaTXWaT bRS _`aaYVT cU`VY]`]YWR `Xa db`R]TRTe
Yfg]gTWUYT bR]TUabfg] h i a ^ YUS ZTjTYZ] k S`aa SYT aTfga lgmaYn`XYafgTR oUTYgTY]aZU`ST
STa _`aaYVTR cU`VY]WRa YR SYT j^TY STa _`aaTXWaTR cU`VY]WRa l Xba VYTU TR]nWllTX]T
pTn]WU cgWa] oUTYgTY]aZU`ST Y_ qY_ Ta VWR VTUafg^ YRSTRSTU cU`VY]WR_ `aaT r\TUZTgTR h
sTY]TU ^ YUS Y_ oWU_ `XYa_ba STU n`ba`XTR t]uUbRZa]gTWUYT STU SYvTUTR]YTXXT s YUnbRZae
w
bTUafgRY]] bRS SYT ]W]`X `\ZTa]U`gX]T iRTUZYT STU ZU`VY]`]YWRTXXTR xUT_ aa]U`gXbRZ \Te
UTfgRT] h s YU \T]U`fg]TR STR o`XX VWR bX]U` UTX`]YV Ya]YafgTU yTYXfgTRTRTUZYT bRS nXTYRTU
oUT
w
bTRj h zba{]jXYfg \ T]U`fg]TR ^ YU S`a yTYXfgTR YR TYRTU bRZT\bRSTRTR x`gR k ZTa]UTb]
VW_ ZU`VY]`]YWRTXXTR zTR]Ub_ bR]TU TYRT_ nXTYRTR s YRnTX h o`XXa S`a `\ZTa]U`g X]T xUT_ ae
a]U`gXZU`VY]WR `Xa TYR `am_l]W]Yafg |UTYTa k _ `aaTXWaTa tl YRe} yTYXfgTR \T]U`fg]T] ^ YUS k
a]Y__] S`a ~TabX]`] Y_ \T]U`fg]T]TR qY_ Ta _ Y] STU nX`aaYafgTR ygTWUYT r\ TUTYR h Q_ o`XXT
STa _`aaYVTR xUT_ aa]U`gXZU`VY]WRa ZTg] S`a S`jbZTguUYZT  `]UYTXT_ TR] Y_ qY_ Ta VWR
VTUafg^ YRSTRSTU cU`VY]WR_`aaT YR S`a

TRYZT STU _ `aaTXWaTR ygTWUYT r\ TU h
Y

JK
QR ]gT lUTaTR] ^WUn k _ `aaXTaa `RS _ `aaYVT ZU`VY]m `a `
w
b`R]b_ Z`bZT ]gTWUm Ya
YRVTa]YZ`]TS h Q] Ya agW^R k ]g`] ]gT aY lgmaYf`X STZUTTa W| |UTTSW_ W| ]gT _ `aaYVT ZU`VY]WR
ZW WVTU a_WW]gXm YR]W ]gT ]^W _`aaXTaa WRTa `RS |WbU STfWblXTS VTf]WU ZgWa] STZUTTa W|
|UTTSW_ YR ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa h obU]gTU_WUT k ]gT SYvTUTR]Y`X fUWaa aTf]YWR
`RS ]gT ]W]`X U`SY`]TS TRTUZm |WU
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ `UT f`XfbX`]TS
YR ]gT |U`_ T^WUn W| f`ba`X lTU]bU\`]YWR ]gTWUm WR ]gT |bXX ]TRaWUY`X XTVTX h sT fWRaYSTU
]gT f`aT W| bX]U` UTX`]YV Ya]Yf l`U]YfXT TRTUZm `RS XW^ |UT
w
bTRfmh QR `SSY]YWR k ]gT l`U]YfXT Ya
fWRaYSTUTS ]W |WXXW^ `R bR\WbRS ]U`

Tf]WUm `RS \T af`]]TUTS \m ]gT ZU`VY]`]YWR`X fTR]TU
]gUWbZg ` a_ `XX `RZXT h QR ]gT f`aT W| ]UT`]YRZ ]gT T_ TUZYRZ xUT_ aa]U`gX ZU`VY]WR ]W \ T
]gT |UTT `am_l]W]Yf alYRe} l`U]YfXT ^ Y]g _ `aa jTUW `RS gTXYfY]m ± } k ]gT UTabX] `ZUTTa
YR ]gT fWRaYSTUTS XY_ Y] ^ Y]g ]gT fX`aaYf`X ]gTWUmh QR ]gT f`aT W| ` _ `aaYVT xUT_ aa]U`gX
ZU`VY]WR k ]gT fWUUTalWRSYRZ _ `]UY TXT_ TR] ZWTa WVTU a_WW]gXm YR]W ]gT WRT W| ]gT
_ `aaXTaa ]gTWUm YR ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa h
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ª h§h§  `aaXTaa ]TRaWU ²TXS k Wl TU`]WU Z`bZT ]U`Ra|WU_ `]YWR `RS Z`bZT
fg`UZT
Q
h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h ±
ª h§h} ygT lgmaYf`X STZUTTa W| |UTTSW_ W| ]gT |UTT _ `aaXTaa ZU`VY]WR h h §§
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Q
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ª hª db`R]b_ Z`bZT YRV`UY`RfT `RS fWblXYRZa h h h h h h h h h h h h h h h h h ªµ
¶ £® ¬­ ·® ¬ ¦¸
³ h§  `aaXTaa
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`g XbRZ h h h h h h h h h h h h h h ³¹
³ h§h§ ¨WRa]Ubf]YWR W| aTfWRS WUSTU
T2(x1, x2)
h h h h h h h h h h h h h h ³¹
³ h§h} te_ `]UY TXT_ TR] h h h h h h h h h h h h h h h h h h h h h h h h h h h ³}
³ h§hª dcxe`llUW Y_ `]YWR h h h h h h h h h h h h h h h h h h h h h h h h h « §
³ h§h³ º YvTUTR]Y`X fUWaa aTf]YWR `RS U`SY`]TS TRTUZm h h h h h h h h h h h «ª
³ h§h« ¨W_l`UYaWR ^ Y]g ]gT fX`aaYf`X ]gTWUm h h h h h h h h h h h h h h h h «µ
³ h}  `aaYVT
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ h h h h h h h h h h h h h h «´
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ygT lUW\XT_ W| ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ Ya ` ^ YST ab\

Tf] `RS g`a \ TTR SYafbaaTS \m
_ `Rm `b]gWUa YR ` V`UYT]m W| SYvTUTR] `llUW`fgTa h ygT fX`aaYf`X lYf]bUT UTlUTaTR]a _ `YRXm
]gT lUW fTaa W| ]^W _ `aaYVT \WSYTa Êl`U]YfXTaË k ÌmYRZ l`a] T`fg W]gTU k ^gYXT STÌTf]YRZ
]gTYU ]U`

Tf]WUYTa `RS ]gba T_ Y]]YRZ ZU`VY]`]YWR`X ^`VTa h QR `R bR\WbRS WU\Y] k ` l`U]YfXT
|WXXW^ a `R `am_l]W]Yf ]U`

Tf]WUm ]gUWbZg ` ZU`VY]`]YWR`X ²TXS k YRSbfTS \m ` fTR]U`X _ `aa h
ÍRSTU ]gT YRÌbTRfT W| ]gT fTR]U`X lW]TR]Y`X k ]gT l`U]YfXT Ya af`]]TUTS `RS XWWaTa TRTUZmk
^gYfg YR ]gT f`aT W| g YZg TRTUZYTa k Ya XWa] _ `YRXm \m U`SY`]YWR h QR ]gT f`aT W|
w
b`R]b_
²TXS ]gTWUmk YR XW^Ta] WUSTU k |WbU ]UTTeZU`lg oTmR_ `R SY`ZU`_ a `UT ]W \ T fWRaYSTUTS k
^gTUT ]gT YR]TU`f]YWR ^ Y]g fTR]U`X lW]TR]Y`X Ya ]UT`]TS `ffWUSYRZ ]W ]gT T]TUR`X ²TXS
`llUW Y_ `]YWR h ygT af`]]TUTS l`U]YfXT Ya STafUY\ TS \m ` af`X`U ²TXS k f`UUmYRZ `R TRTUZme
_W_TR]b_ ]TRaWU ]W ^gYfg ]gT alYRe} ²TXS k UTlUTaTR]YRZ ]gT ZU`VY]WR k fWblXTa h ÍRSTU
]gT YRÌbTRfT W| ]gT fTR]U`X lW]TR]Y`X k ]gT l`U]YfXT T_ Y]a ` xUT_ aa]U`gX ZU`VY]WR h
ygT fX`aaYf`X lUW\XT_ ^`a ²Ua] ]UT`]TS \m Î ÏÐÑÒÓÏÐ fbX_ YR`]YRZ YR ]gT ^TXX nRW^R
w
b`SUblWXT |WU_bX` h Q] Ya ` RWReUTX`]YVYa]Yf |WU_bX` ^gYfg lUWVYSTa ZWWS `ZUTT_ TR]
^ Y]g TlTUY_ TR]`X W\aTUV`]YWRa h QR WUSTU ]W ^ YSTR ]gT U`RZT W| Y]a V`XYSY]mk SYvTUTR]
`llUW`fgTa Ô§´ k §Õ k ª³ k ªÕÖ g`VT \TTR f`UUYTS Wb] h ygTm lUWVYST ` ZWWS U`RZT W| V`e
XYSY]m |WU `a]UWlgmaYf`X aWbUfTa W| ZU`VY]`]YWR`X U`SY`]YWR h ygT fX`aaYf`X lgTRW_ TRWR W|
ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ `RS Y]a TRTUZm XWaa Ya fW_lXT]TXm bRSTUa]WWS h
QR ]gT |U`_ T^WUn W|
w
b`R]b_ ]gTWUmk SYvTUTR] `llUW`fgTa Ô§³ k }³ k }µ k ³Õ k «}Ö g`VT
\ TTR f`UUYTS Wb] k ]WW h ×W^TVTU k ]gT |bXX ]TRaWUY`X lUW\XT_ ^`a RTVTU `]]`fnTS YR ]gT XY_ Y]
W| fW_l`UYRZ Y] ^ Y]g ]gT fX`aaYf`X ]gTWUmh sWU]g _ TR]YWRYRZ YR ]gYa fWR]T] Ya ]gT ^WUn
\m ØÙÚÒÑÛÜ T] `X h Ô}µÖ h ygTm ]UT`]TS ` ]Wm _WSTX W| af`X`U ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ
`RS UTfWVTUTS ]gT UTabX] |WU ]gT TRTUZm XWaa \m ` YRSTl TRSTR] fX`aaYf`X f`XfbX`]YWR h Wa]
W| ]gTaT `llUW`fgTa a]`U] ^ Y]g ` q`ZU`RZY`R STafUYl]YWR W| ]gT YR]TU`f]YWR h
ygT ]gTWUm W| _ `aaYVT ZU`VY]m g`a `XaW \ TTR SYafbaaTS \m aTVTU`X `b]gWUa Ô§µ k §± k }« k
ªª k ³ª k ³« k «ªÖ h [Z`YR k `XX ]gTaT `llUW`fgTa a]`U] ^ Y]g ` fX`aaYf`X q`ZU`RZY`R k TRUYfgTS
^ Y]g ` _ `aa ]TU_ h ÝW]YWRa W|
w
b`R]b_ ]gTWUmk abfg `a alYRe} ²TXS `RS lUWl`Z`]WU k
`UT alUYRnXTS YR]W ]gT ab\

Tf] h ×W^TVTU k ]gT SYVYSYRZ XYRT \T]^TTR ]UT`]YRZ ]gT ²TXSa
fX`aaYf`XXm WU
w
b`R]b_ Ya YR _Wa] f`aTa RW] fXT`U h
QR UTfTR] mT`Ua k Þ ßà Ùá
â
`RS fWXX`\WU`]WUa Ô± k ª} k ³¹Ö g`VT ]UT`]TS ZU`VY]m `a ]gT alYRe}
w
b`R]b_ Z`bZT ]gTWUm YR ]gT aTRaT W| ]gT f`ba`X `llUW`fg h ygTm TRUYfgTS ]gT a]Ubf]bUT
W| f`ba`X lTU]bU\`]YWR ]gTWUm ^ Y]g ]gT fWRfTl] W| l TU]bU\`]YVT
w
b`R]b_ Z`bZT YRV`UY`RfT
`RS g`VT agW^R k ]g`] YR ]gT _ `aaXTaa f`aT k ]gT |b XX i YRa]TYR ZU`VY]m Ya UTfWVTUTS h ~TfTR]
^WUna Ô}± k }ÕÖ g`VT Tl`RSTS ]gT ]gTWUm ]W STafUY\ T ]gT _ `aaYVT ZU`VY]WR ^gTUT RW
a`]Ya|`f]WUm fX`aaYf`X ]gTWUm T Ya]a h
sT ^ YXX lWa]lWRT ]gT SYafbaaYWR ^gT]gTU Y] _ `nTa aTRaT ]W TVTR al T`n W| _ `aaYVT
ZU`VY]WRa h QR ]gT fWbUaT W| ]gT lUTaTR] ^WUn k Y] ^ YXX \ TfW_ T fXT`U gW^ ]gT aY]b`]YWR
\Tg`VTa h QR ]gT f`ba`X |U`_T^WUn W| _ `aaYVT al YRe}
w
b`R]b_ Z`bZT ]gTWUmk `XX W\

Tf]a
`UT ^TXX ST²RTS TXT_ TR]a W| `
w
b`R]b_ ²TXS `XZT\U` `RS ]gT T]TRaYWR |UW_ ]gT _ `aaXTaa
]W ]gT _`aaYVT ]gTWUm ZWTa
w
bY]T R`]bU`XXmh ygTUT|WUT k ^T ^ YXX ]UT`] ]gYa ]^W fWRaYa]TR] k
RT`U\m ]gTWUYTa ^ Y]g T
w
b`XXm XTZY]Y_ `]YWR `RS SYafbaa ]gTYU TlTUY_ TR]`X fWRaT
w
bTRfTa
`] ]gT TRS h
ygT nTm YRZUTSYTR] W| ]UT`]YRZ ZU`VY]`]YWR`X lUW fTaaTa k ^gTUT UT`X k |UTT k _ `aaXTaa WU
_ `aaYVT k ZU`VY]WRa `llT`U k Ya ]gT STUYV`]YWR W| ]gT lgmaYf`X STZUTTa W| |UTTSW_ ]gTm f`UUmh
QR ]gT _ `aaXTaa f`aT k ]gT ^TXX nRW^R ±2 gTXYfY]m Ya |WbRS ^gTUT`a YR ]gT _ `aaYVT f`aT k aY
lgmaYf`X STZUTTa W| |UTTSW_ `UT |WbRS h ygT fWRfTl] W|
w
b`R]b_ Z`bZT YRV`UY`RfT Y_lWaTa
` WRT l`U`_T]TU Z`bZT ]U`Ra|WU_ `]YWR WR ]gT ²TXS WlTU`]WUa k ZTRTU`]TS \m ` RYXl W]TR]
§
WlTU`]WU
Q
h QR ]gT _ `aaXTaa f`aT k ]gT fX`aaYf`X `R`XWZWR W| ]gT Z`bZT ]U`Ra|WU_ `]YWR
ZTRTU`]TS \m ]gT Z`bZT fg`UZT
Q
XT`VTa ]gT ]U`RaVTUaTe `RS ]U`fTXTaa Z`bZT YRV`UY`R]
`RS UTlUTaTR]a ]gT YR²RY]TaY_ `X VTUaYWR W| ]gT SYvTW_WUlgYf fWWUSYR`]T ]U`Ra|WU_ `]YWRa
W| ZTRTU`X UTX`]YV Y]mh QR ]gT _ `aaYVT f`aT k ]gT ST²RY]YWR W|
Q
Ya a_ WW]gXm `S`l]TS YR
WUSTU ]W nTTl Y] RYXl W]TR] h Q] ]bURa Wb] k ]g`] ]gT _ `YR SYvTUTRfT \ T]^TTR ]gT _ `aaXTaa
`RS ]gT _ `aaYVT ]gTWUm XYTa YR ]gT Z`bZT a]Ubf]bUT ZTRTU`]TS \m
Q
h ygT fWRfTl] W| alYRe}
w
b`R]b_ Z`bZT ]gTWUm YR ]gT f`ba`X `llUW`fg `XXW^ a ba ]W |bXXm STVTXWl ]gT ]gTWUm YR `
qWUTR]j YRV`UY`R] ^`m ^ Y]gWb] UT|TUUYRZ ]W fX`aaYf`X fWRfTl]a h sT SYafbaa ]gWaT WR Xm |WU
UT`aWRa W| fW_l`UYaWR h
Q] Ya Y_lWU]`R] ]W RW]T ]g`] ]gT a]Ubf]bUT W| _ `aaYVT ZU`VY]m `RS TalTfY`XXm ]gT
lgmaYf`X STZUTTa W| |UTTSW_ W| ]gT _ `aaYVT ZU`VY]WR g`a \ TTR SYafbaaTS \m _ `Rm `b]gWUa
Ô§µ k §± k }« k ªª k ³³ k ³« k «ªÖ h ygTm \`aYf`XXm |WbRS ` nTm SYvTUTRfT ]W _ `aaYVT
w
b`R]b_
TXTf]UWSmR`_ Yfa ^gTUT ]gT `SSY]YWR`X _ `aaYVT ]U`RaVTUa`X STZUTT W| |UTTSW_ fW_lXT]TXm
STfWblXT YR ]gT XY_ Y] W| jTUW lgW]WR _ `aa `XXW^ YRZ |WU ]gT a_WW]g XY_ Y] \ T]^TTR ]gT
_ `aaYVT `RS ]gT _ `aaXTaa ]gTWUmh QR fWR]U`a] k ]gTm `UZbT YR ]gT f`aT W| alYRe} k ]g`] RW]
`XX `SSY]YWR`X _ `aaYVT STZUTTa W| |UTTSW_ STfWblXT YR ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa k
XmYRZ ]gT \`aYa |WU ]gT SYafWR]YRb Y]m \T]^TTR ]gT _ `aaYVT `RS ]gT _`aaXTaa ]gTWUmh Q]
^`a T]TRaYVTXm SYafbaaTS gW^ ]gT _ `aaYVT STZUTTa W| |UTTSW_ `UYaT k ^g`] am__T]UYTa
]gT ]gTWUm f`UUYTa k gW^ _`aaYVT alYRe} lUWl`Z`]WUa `RS ]gT lWX`UYj`]YWR ab_ g`VT ]W
\ T STUYVTS `RS ^g`] W\aTUV`]YWR`X Y_lXYf`]YWRa `UT ]W \T TlTf]TS h ygT lUTaTR]TS
]gTWUm abvTUTS |UW_ ]gT X`fn W| fWRaYa]TRfmk R`_TXm Z`bZT YRV`UY`RfT k qWUTR]j YRV`UY`RfT k
lWaY]YV Y]m W| TRTUZm `RS fWblXYRZ ]W ` fWRaTUVTS aWbUfT fWbXS RW] g`VT \ TTR a`]Ya²TS
aY_bX]`RTWbaXmk RW] ]W _TR]YWR ]gT a_WW]g XY_ Y] \ T]^TTR ]gT ]^W ]gTWUYTa h ygTaT UTab X]a
`UT \`aTS _ `YRXm WR `UZb_ TR]a |UW_ ]gT a]Ubf]bUT W| ]gT i YRa]TYRe× YX\TU] `f]YWR XT`SYRZ
]W ]gT YRfWRaYa]TRfYTa _ TR]YWRTS `\WVT `RS Y] Ya RW] fXT`U k Y| ]gTm gWXS YR
w
b`R]b_ ²TXS
]gTWUmk ]WW h ãRT _ `m ZbTaa ]g`] ]gYa `llUW`fg ]W _`aaYVT ZU`VY]m ^gTUT fWRfTl]a W|
fX`aaYf`X `RS
w
b`R]b_ ]gTWUm `UT _ YTS k fW_lXT]TXm |`YXa h
oUW_ ]gT lWYR] W| VYT^ W| ]gT Z`bZT a]Ubf]bUT YRSbfTS \m lTU]bU\`]YVT Z`bZT YRV`UYe
`RfT k ]gTUT T Ya]a YRSTTS ` a_WW]g XY_ Y] \ T]^TTR ]gT _`aaYVT `RS ]gT _ `aaXTaa ]gTWUmk
`a Y] ^`a `XUT`Sm agW^R YR Ô}± k }ÕÖ h obU]gTU_WUT k ^T ^ YXX agW^ \m TlXYfY] Xm fWRa]Ubf]YRZ
]gT aY _ `aaYVT lgmaYf`X a]`]Ta gW^ ]gTm STfWblXT YR ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa
²RSYRZ ]gT ]^W _ `aaXTaa `RS |WbU fW_lXT]TXm STfWblXTS \WaWRYf VTf]WU ZgWa] STZUTTa
W| |UTTSW_ h WUTWVTU k YR ]gT _`aaYVT f`aT k bl ]W aTfWRS WUSTU l TU]bU\`]YWR ]gTWUmk RW
`SSY]YWR`X × YZZa ²TXS g`a ]W \ T YR]UWSbfTS `a Y] Ya ]gT f`aT |WU ä`RZe YXXa ²TXSa Ô}± k }ÕÖ
]W a`VT Z`bZT YRV`UY`RfT h ãRT Ya ]T_l]TS ]W ]gYRn ]g`] ]gT _ `aaYVT alYRe} ]gTWUm f`RRW]
\ T |WbRS \m ]gT fWRVTR]YWR`X × YZZa _ Tfg`RYa_ `RS ]g`] ]gT q`ZU`RZY`R `llUW`fg fW_ e
lXT]TXm |`YXa YR ]gT f`aT W| _ `aaYVT ZU`VY]mh ãRT |bU]gTU `alTf] ]W f`UT W| Ya ]gT lUTab_ TS
a_`XXRTaa W| ]gT ZU`VY]WR _ `aa h ygTUT|WUT k ]gT ST²RY]YWR W| ]gT lWX`UYj`]YWR ab_ RTTSa
alTfY`X f`UT h
QR ]gT fWbUaT W| ]gT lUTaTR] ^WUn k ^T ^ YXX ]UT`] ]gT |b XX ]TRaWUY`X ZU`VY]`]YWR`X xUT_ ae
a]U`gXbRZ YR ]gT
w
b`R]b_ |U`_ T^WUn W| f`ba`X lTU]bU\`]YWR ]gTWUm WR  YRnW^ anY \`fne
ZUWbRS W| al`fTe]Y_ T h QR ` ²Ua] a]Tl k ^T SYafbaa ]gT _`aaXTaa VTUaba ]gT _`aaYVT |UTT
ZU`VY]WR `a ]gT `am_l]W]Yf alYRe} l`U]YfXT h Q] Ya agW^R k gW^ ]gT SYvTUTR] Z`bZT a]Ubfe
]bUTa `UYaT `RS gW^ ]gTm YRSbfT ]gT SYvTUTRfT YR ]gT lgmaYf`X STZUTTa W| |UTTSW_ h
ygT lUTaTR] ^WUn Ya WUZ`RYjTS `a |WXXW^ a å QR aTf]YWR } k `R WVTUVYT^ WVTU f`ba`X l TUe
]bU\`]YWR ]gTWUm `RS lTU]bU\`]YVT
w
b`R]b_ Z`bZT YRV`UY`RfT Ya ZYVTR h QR tTf]YWR ª k ^T
ST²RT ^g`] ^T _T`R \m ` ZU`VY]WR h sT YR]UWSbfT ]gT \`aYf W\

Tf]a W| ]gT ]gTWUm `RS
ZYVT ]gT STUYV`]YWR W| ]gT lgmaYf`X STZUTTa W| |UTTSW_ YR \W]g k ]gT _ `aaXTaa `RS ]gT
_ `aaYVT f`aT h Q] Ya Wb]XYRTS k gW^ ]gT SYvTUTR] fWblXYRZa `UT STUYVTS |UW_ lUYRfYlXTa W|
}
lTU]bU\`]YVT Z`bZT YRV`UY`RfT h QR aTf]YWR ³ k ^T ]UT`] ZU`VY]`]YWR`X xUT_ aa]U`g XbRZ YR
]gT f`ba`X |U`_ T^WUn h sT f`XfbX`]T ]gT te_ `]UY TXT_TR] k ]gT SYvTUTR]Y`X fUWaa aTf]YWR
`RS ]gT ]W]`X TRTUZm U`SY`]TS W| ]gT TR]YUT xUT_ aa]U`gX lUW fTaa k a]`U]YRZ ^ Y]g ]gT _ `aae
XTaa f`aT k |WXXW^TS \m ]gT ]UT`]_ TR] W| ]gT _`aaYVT f`aT h tTf]YWR « Ya STVW]TS ]W ]gT
fWRfXbaYWR k `llXYf`]YWRa W| ]gT UTabX]a `RS `R Wb]XWWn h QR ]gT `llTRSY k ]gT a]Tla W| ]gT
f`XfbX`]YWR `UT Wb]XYRTS ^gYfg `UT XTaa Y_lWU]`R] |WU ]gT ZTRTU`X bRSTUa]`RSYRZ W| ]gT
^WUn h
æ
çÇçè éêêÅçÈë Ł Łë ìëÅí î ïÇçŁÉðÆ ñ ÉèÆ
ygT f`ba`X `llUW`fg ]W
w
b`R]b_ ²TXS ]gTWUm ZWTa \`fn ]W ]gT ^WUn \m ÞÒòßó ÓÚôÓá
õ
Ô³}Ö ö
÷ Û
õ
ÛÚÏøôÛÜ `RS Þà Ïáó ÛÜ Ô§Ö `RS Îù ÑÒÓÏÐ `RS ØÚÙÑÓá Ô}ªÖ h Þ ßà Ùá
â
ÔÕÖ TX`\WU`]TS ]gT ]gTe
WUm abffTaa|bXXm |WU Z`bZT ]gTWUYTa h Q] Ya `R te_ `]UY ]gTWUm ^gYfg Ya fWRa]Ubf]TS `a `
l TU]bU\`]YWR aTUYTa YR ]TU_ a W| `am_l]W]Yf |UTT ²TXSa `RS ]gT YR]TU`f]YWR Ya fWRaYSTUTS ]W
\ T `SY`\`]Yf`XXm a^ Y]fgTS h ãRT ^WbXS XYnT ]W |WU_bX`]T Z`bZT YRV`UY`RfT ^ Y]gWb] UT|TUe
UYRZ ]W fX`aaYf`X fWRfTl]a h ygYa UT
w
bYUTa ]^W \`aYf YRZUTSYTR]a ]W \T |bX² XXTS h o YUa] k aYRfT
]gT te_ `]UY Ya fWRa]Ubf]TS `a ` |WU_ `X lW^TU aTUYTa k ` l TU]bU\`]YVT ST²RY]YWR W| Z`bZT
YRV`UY`RfT Ya RTTSTS h tTfWRS k Y] Ya fXT`U k ]g`] YR ]gYa ST²RY]YWR k ^T g`VT ]W YR]UWSbfT |UTT
ZgWa] ²TXSa |UW_ ]gT \TZYRRYRZ YR WUSTU ]W `fgYTVT ]gT
w
b`R]b_ |WU_bX`]YWR W| Z`bZT
YRV`UY`RfT h ygYa Y_lXYTa ]g`] ^T g`VT ]W ST`X ^ Y]g `R TRX`UZTS × YX\ TU] al`fT Hgh k fWRe
]`YR YRZ lgmaYf`X k bRlgmaYf`X `RS `XaW ZgWa] a]`]Ta `RS ]W TX`\WU`]T ` _ Tfg`RYa_ k gW^
]W aWU] ]gT lgmaYf`X a]`]Ta Wb] W| Hgh h
ú ûü ýþß þ  ßþ	 

QR f`ba`X l TU]bU\`]YWR ]gTWUmk `XX W\

Tf]a `UT _`RY|Ta] TXT_TR]a W| `
w
b`R]b_ ²TXS
`XZT\U` h ygTUT Ya RW fX`aaYf`X q`ZU`RZY`R STafUYl]YWR W| ]gT YR]TU`f]YWR k RW YR]TU`f]YRZ
²TXSa `RS RW fX`aaYf`X Z`bZT fWRSY]YWRa h ãRT _ `m g`VT `R TmT WR ]gT s YZg]_ `R `YW_ a
Ô« k §¹Ö ]W \ T YRalYUTS ]W ]gT RW]YWR W| ` × YX\ TU] al`fT k `
w
b`R]b_ ²TXS k qWUTR]j YRV`UY`RfT k
a]`\ YXY]m W| ]gT V`fbb_ k XW f`XY]m `RS fW_lXT]TRTaa W| ]gT ]gTWUmh QR ]gT f`ba`X `llUW`fg k
]gT \`aYf W\

Tf] k ]gT te_ `]UY k Ya fWRa]Ubf]TS `a ` l TU]bU\`]YWR aTUYTa h Q] _ `la ]gT
`am_l]W]Yf`XXm YRfW_ YRZ |UTT ²TXSa WR ]gT Wb]ZWYRZ af`]]TUTS WRTa h ygT YST` Ya ]W ² ]gT
²Ua] WUSTU \m ZYVYRZ `R YR]TU`f]YWR `RS fWRa]Ubf] gYZgTU WUSTUa W| ]gT af`]]TUYRZ _`]UY
S
\m YRSbf]YWR baYRZ |UTT ²TXSa WR Xmh tYRfT ]gT |UTT
w
b`R]b_ ²TXSa `UT Wl TU`]WUeV`XbTS
SYa]UY\b]YWRa k ]gT te_ `]UY
S(g)
^YXX \ T fWRa]Ubf]TS `a `R WlTU`]WUeV`XbTS |bRf]YWR`X
WR ]gT al`fT W| ]Ta] |bRf]YWRa ^gTUT
g
Ya `R TXT_ TR] W| Y] h QR ]gT lUTaTR] fWR]T] k Y]
Ya `llUWlUY`]T ]W ]`nT ]gYa al`fT `a ]gT tfg^`U]j al`fT W| ]T_lTUTS SYa]UY\b]YWRa ^ Y]g
U`lYS STfUT`aT aYRfT `SSY]YWR`XXmk Y] Ya YRV`UY`R] bRSTU ]gT oWbUYTU ]U`Ra|WU_ h [a ]gT ^WUS
f`ba`XY]m a`ma k ]gT \`aYf UT
w
bYUT_ TR] |WU ]gT YRSbf]YVT fWRa]Ubf]YWR W| ]gT te_ `]UY Ya
]gT f`ba`XY]m UT
w
bYUT_ TR] h ygYa \`aYf`XXm _ T`Ra k ]g`] ]gT af`]]TUYRZe_ `]UY |WU ` ab_
W| ]^W ]Ta] |bRf]YWRa |`f]WUYjTa Y| ]gT abllWU] W| ]gT ]Ta] |bRf]YWRa f`R \T aTl`U`]TS YR
]Y_ T h xm ]g Ya fWRa]Ubf]YWR k `XX W\

Tf]a `UT ^TXX ST²RTS ]T_lTUTS SYa]UY\b]YWRa h ygT
YR]TU`f]YWR Ya a^ Y]fgTS Wv `] X`UZT SYa]`RfTa YR al`fTe]Y_ T ]gUWbZg ]gT ]Ta] |bRf]YWR
g
h
[ a `R bRlgmaYf`X Wl TU`]YWR k ]g Ya g`a ]W \T UT_WVTS `] ]gT TRS h ygTUT|WUT k ^T UT|TU
]W
S = S(1)
`a ]gT af`]]TUYRZ _ `]UY YR ]gT XY_ Y] W|
S(g)
^gTR ]gT UTZYWR YR ^gYfg
g(x) = 1
Ya Tl`RSTS YR²RY]TXm ]W YRfXbST ]gT ^gWXT al`fTe]Y_ T h ygYa Ya ]gT aW f`XXTS
`SY`\`]Yf XY_ Y] h QR ]gYa ^`mk ^T YRVTa]YZ`]T ]gT XWRZ U`RZT \Tg`VYWU W| ]gT ]gTWUmh tYRfT
WR Xm |T^ _WSTXa W|
w
b`R]b_ ²TXS ]gTWUYTa g`VT \ TTR aWXVTS T`f]Xmk Y] Ya RTfTaa`Um ]W
aT] bl ]gT te_`]UY `a ` |WU_ `X lW^TU aTUYTa ^gTUT `XX YRSbf]YVT a]Tla `UT bRSTU fWR]UWX h
ª
ygT YRSbf]YVT fWRa]Ubf]YWR a]`U]a ^ Y]g ]gT ST²RY]YWR W| ]gT |WU_ `X lW^TU aTUYTa YR ]gT
fWblXYRZ fWRa]`R]
κ
W| ]gT ]gTWUm
S(g) =  +
∞∑
n=1
κn
n!
∫
d4x1 · · · d4xn Tn(x1, . . . , xn) g(x1) · · · g(xn) Ê} h§Ë
^gTUT ]gT
g
Ya ` ]Ta] |bRf]YWR YR tfg^`U]j al`fT S(R4) h QR ZTRTU`X k ]gT fWblXYRZ fWRe
a]`R]
κ
^YXX \ T `\aWU\ TS YR ]gT ]Y_ T WUSTUTS lUWSbf]a W| |UTT ²TXS WlTU`]WUa
Tn(x1, . . . , xn)
h
Q]a ² Ua] WUSTU k
T1
k ST²RTa ]gT YR]TU`f]YWR ]W ²Ua] WUSTU W| lTU]bU\`]YWR ]gTWUmh ygT ]Ta]
|bRf]YWR
g(x)
_`m \T VYT^TS `a ` fTU]`YR T]TUR`X fX`aaYf`X ²TXS k `R YR]TU`f]YWR ^gYfg
]`nTa lX`fT `] T`fg VTU]T W| ` oTmR_ `R SY`ZU`_ h QR ]gYa ^`mk
g(x)
VYWX`]Ta ]gT X`^ W|
TRTUZme_W_TR]b_ fWRaTUV`]YWR `] T`fg VTU]T h ygTUT|WUT k YR WUSTU ]W UTa]WUT TRTUZme
_W_TR]b_ fWRaTUV`]YWR `] T`fg VTU]T k Y] Ya RTfTaa`Um ]W l TU|WU_ ]gT `SY`\`]Yf XY_ Y]
lim
g→1
S(g)
`] ]gT TRS h [ nTm lWYR] YR ]gT YRSbf]YVT fWRa]Ubf]YWR W| ]gT |WU_ `X lW^TU aTUYTa } h§
Ya ]gT STfW_lWaY]YWR W| SYa]UY\b]YWRa ^ Y]g f`ba`X abllWU] YR]W UT]`USTS `RS `SV`RfTS
l`U]a h Q| ]gYa SYa]UY\b]YWR alXY]]YRZ Ya f`UUYTS Wb] ^ Y]gWb] f`UT \m _bX]YlXYf`]YWR ^ Y]g
a]Tl |bRf]YWRa k ]gT bab`X bX]U`VYW XT] SYVTUZTRfYTa `llT`U h Q| |WU T`_lXT k ]gT ²Ua] WUSTU
YR]TU`f]YWR
T1
Ya ZYVTR k ]gT R`YVT fWRa]Ubf]YWR W| ]gT ]Y_ T WUSTUTS gYZgTU WUSTU ]TU_
Tn
Ya ZYVTR \m
Tn(x1, . . . , xn) = T {T1(x1) · . . . ·T1(xn)}
:=
∑
pi
Θ(x0pi1 − x0pi2) · . . . ·Θ(x0pin−1 − x0pin) · T1(xpi1) · . . . ·T1(xpin)
Ê} h}Ë
^gYfg XT`Sa ]W ` bX]U`VYWXT] SYVTUZTR] TlUTaaYWR k \Tf`baT Y] YRVWXVTa ]gT YXXeST²RTS
lUWSbf]a W| SYa]UY\b]YWRa h ygT ^WUn SbT ]W Îù ÑÒÓÏÐ `RS ØÚÙÑÓá Ô}ªÖ `VWYSa ]gYa ST|Tf] \m
f`UT|bXXm fWRa]Ubf]YRZ ]gT te_ `]UY WUSTU \m WUSTU bRSTU ]gT UT
w
bYUT_ TR] W| f`ba`XY]mh
ygYa _ T`Ra ]g`] |WU ]^W ]Ta] |bRf]YWRa
g1
`RS
g2
k |WU ^gYfg ^T f`R ²RS ` aTl`U`]YWR
W| ]gT abllWU]a \m ` al`fTXYnT abU|`fT k Y hT h
supp(g1) > supp(g2)
k ]gT te_ `]UY agWbXS
|`f]WUYjT `a
S(g1 + g2) = S(g1) · S(g2) Ê} hªË
oWU `U\ Y]U`Um aT]a
X, Y
W| lWYR]a {x1, . . . , xs} YR  YRnW^ anY al`fT k ]gT UTX`]YWR
X > Y
_T`Ra ]g`] `XX lWYR]a
x ∈ X `UT X`]TU ]g`R `XX y ∈ Y YR aW_ T qWUTR]j |U`_ T h
ygT f`ba`XY]m fWRSY]YWR } hª f`R \T ]U`RaX`]TS YR]W ` fWRSY]YWR WR ]gT ]Y_ T WUSTUTS
lUWSbf]a `a
Tn(x1, . . . , xn) = Tm(x1, . . . , xm) · Tn−m(xm+1, . . . , xn) Ê} h³ Ë
Y| {x1, . . . , xm} > {xm+1, . . . , xn} h ÝW^ k ]gT YRSbf]YVT fWRa]Ubf]YWR W| ]gT ]Y_ T
WUSTUTS SYa]UY\b]YWR
Tn
ZWTa `a |WXXW^ a å tbllWaT `XX
Tm(x1, . . . , xm)
|WU
1 < m ≤ n− 1
`UT nRW^R h ygTR Y] Ya lWaaY\XT ]W fWRa]Ubf] ]gT `b YXY`Um SYa]UY\b]YWRa
R′n(x1, . . . , xn)
`RS
A′n(x1, . . . , xn)
|UW_ ]gT
Tm
³
R′n(x1, . . . , xn) =
∑
P
Tn−n1(Y, xn)T˜n1(X)
A′n(x1, . . . , xn) =
∑
P
T˜n1(X)Tn−n1(Y, xn)
Ê} h«Ë
\m f`UUmYRZ Wb] `XX l WaaY\XT fWR]U`f]YWRa \T]^TTR ]gT ²TXS WlTU`]WUa `RS baYRZ s Yfn a
]gTWUT_ ]W W\]`YR RWU_ `XXm WUSTUTS TlUTaaYWRa h ygT RelWYR] SYa]UY\b]YWR
T˜m
k ZYVTR \m
]gT |WU_ `X lW^TU aTUYTa |WU
S(g)−1
k |WXXW^ a |UW_ } h§ \m YRVTUaYWR h ygT ab_ UbRa WVTU `XX
l`U]Y] YWRa W| ]gT aT] W| lWYR]a {x1, . . . , xm} YR]W ]^W ab\aT]a X `RS Y ^gTUT`a X Ya RW]
T_l]mh ygTaT SYa]UY\b]YWRa
R′n
`RS
A′n
g`VT RW f`ba`X abllWU] \b] Y]a SYvTUTRfT
R′−A′
g`a k |WU_ YRZ ]gT SYa]UY\b]YWR
D
`ffWUSYRZ ]W
Dn(x1, . . . , xn) = R
′
n(x1, . . . , xn)−A′n(x1, . . . , xn)
ygba k
Dn(x1, . . . , xn)
_`m \T alXY]]TS XT`VYRZ ]^W SYa]UY\b]YWRa
A
`RS
R
^gYfg g`VT
lUWlTU abllWU] YR ]gT `SV`RfTS `RS ]gT UT]`USTS XYZg]efWRT `a
Dn(x1, . . . , xn)
splitting
= Rn(x1, . . . , xn)−An(x1, . . . , xn)
ygTR k ]gT ]Y_ T WUSTUTS SYa]UY\b]YWR
Tn(x1, . . . , xn)
Ya ZYVTR \m
Tn(x1, . . . , xn) = Rn(x1, . . . , xn)−R′n(x1, . . . , xn)
= An(x1, . . . , xn)−A′n(x1, . . . , xn)
ygT SYa]UY\b]YWR alXY]]YRZ W| ` ]UTT ZU`lg Ya `X^`ma ]UYVY`X k aYRfT Y] Ya lUWlWU]YWR`X
]W ]gT WUS`Re©`bXY SYa]UY\b]YWR 
D
^gYfg g`a f`ba`X abllWU] h sT T_lg`aYjT ]g`] ]gT
f`ba`X fWRa]Ubf]YWR W| ]gT te_ `]UY XT`VT ba ^ Y]g ^TXX ST²RTS W\

Tf]a h
ú ûú ßþ ßþ	ß þß 	þþ	
tYRfT ^T ^`R] ]W STafUY\T ` Z`bZT ]gTWUm YR ]gT |U`_ T^WUn W| f`ba`X l TU]bU\`]YWR ]gTWUmk
]gT fWRfTl] W| |WU_ `X lW^TU aTUYTa } h§ Ya baT|bX WRXm Y| Z`bZT YRV`UY`RfT W| ]gT te_ `]UY
S(g)
f`R \T ST²RTS |WU lW^TU aTUYTa Ô±Ö k XT`SYRZ ]W ]gT fWRfTl] W| l TU]bU\`]YVT Z`bZT
YRV`UY`RfT h tb\

Tf] ]W ]g Ya k ^T ]gTR `UT `\XT ]W STSbfT ]gT fWblXYRZa W| ]gT ]gTWUmh tYRfT
^T WRXm ST`X ^ Y]g |UTT `am_l]W]Yf
w
b`R]b_ ²TXSa k Y] Ya fXT`U ]g`] ` Z`bZT ]U`Ra|WU_ `]YWR
_ba] \T _ `RY|Ta]
w
b`R]b_ h ygYa _ T`Ra ]g`] |UTT ZgWa] ²TXSa g`VT ]W \ T YR]UWSbfTS |UW_
]gT \TZYRRYRZ WR h ygYa
w
b`R]b_ Z`bZT ]U`Ra|WU_ `]YWR fWR]`YR a RW fX`aaYf`X |bRf]YWRa RWU
VTf]WU ²TXSa \b]
w
b`R]b_ ²TXSa W| ]gT ]gTWUmh ygT WRT l`U`_ T]TU Z`bZT ]U`Ra|WU_ `]YWR
Ya YR²RY]TaY_ `XXm ZTRTU`]TS \m ` Z`bZT fg`UZT
Q
k ²Ua] YR]UWSbfTS \m  ø
õ
Û `RS 

Ïﬀ Ù
Ôª«Ö `RS Ya ZYVTR \m
F ′ = e−iλQFeiλQ
Ê} hµË
^gTUT
F
Ya ` |UTT
w
b`R]b_ ²TXS k `R WlTU`]WU V`XbTS SYa]UY\b]YWR WR `R TRX`UZTS
×YX\TU] al`fT Hgh k f`UUmYRZ `XaW ]gT bRlgmaYf`X a]`]Taﬁ h ygT |WU_ W| } hµ Ya SYf]`]TS \m
ﬂﬃ !"#$%&'(%)*+ $ +,-#+.)-+"& /01 2"# 3 %,,
m
+, 4+5 & .6
Dm(x− y) := (2pi)
−3
Z
d4p δ(p2 −m2) sign(p0) e−ip(x−y)
7ﬃ 
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]gT UT
w
b YUT_ TR] ]g`] ]gT ]U`Ra|WU_ TS ²TXS
F ′
a`]Ya²Ta ]gT a`_T fW__b]`]YWR UTX`]YWRa
`a ]gT WUYZ YR`X ²TXS
F
h ygT Z`bZT fg`UZT
Q
Ya ST²RTS `a ` RYXlW]TR] Wl TU`]WU WR Hgh h
ygT Z`bZT V`UY`]YWR
dQ
Ya W\]`YRTS ^ Y]g ]gT gTXl W| ]gT qYT aTUYTa Tl`RaYWR W| } hµ `RS
Ya ZYVTR \m
dQF := [Q, F ]
Ê} h´Ë
Y|
F
fWR]`YRa WRXm xWaT ²TXSa `RS `R TVTR Rb_\TU W| ZgWa] ²TXSa `RS
dQF := {Q, F} Ê} h±Ë
Y|
F
fWR]`YRa `R WSS Rb_\TU W| ZgWa] ²TXSaE h ygT R`]bUT W| ]gT WlTU`]WU
Q
`RS ]gT
Z`bZT V`UY`]YWR
dQ
^YXX \ TfW_ T fXT`U ^gTR ST²RYRZ Y] TlXYfY] Xm YR ]gT RT] aTf]YWR h QR
WUSTU ]W UTSbfT ]gT TRX`UZTS ×YX\TU] al`fT Hgh ]W ]gT × YX\ TU] al`fT Hphys fWR]`YRYRZ
WR Xm ]gT lgmaYf`X a]`]Ta k ^T RTTS ` _ Tfg`RYa_ ^gYfg SWTa ]gT

W\ h Q|
Q
Ya RW^ ST²RTS
`a ` RYXl W]TR] WlTU`]WU WR Hgh k ^T `fgYTVT bRY]`UY]m W| ]gT te_ `]UY `RS `UT `\ XT ]W
ST²RT ]gT lgmaYf`X ab\al`fT \m Ô± k ª §k }ÕÖ
Hphys = Ker(Q)
Ran(Q)
WU T
w
b YV`XTR]Xm
Hphys = Ker{Q,Q†}
^gTUT H Ya ]gT × YX\ TU] al`fT W| `am_l]W]Yf |UTT ²TXSa `RS Ker(Q) k Ran(Q) ]gT
nTURTX `RS ]gT U`RZT W| ]gT WlTU`]WU
Q
k UTalTf]YVTXmh Q] Ya ^WU]g _TR]YWRYRZ ]g`] ]gTaT
fWRfTl]a gWXS |WU _ `aaXTaa `a ^TXX `a |WU _ `aaYVT ]gTWUYTa
w
b Y]T R`]bU`XXmh ygTR ]gT
fWRSY]YWR W| Z`bZT YRV`UY`RfT W| ]gT te_`]UY f`R \T a]`]TS `a
lim
g→1
dQS(g) = 0
Ê} hÕË
`RS \m ]U`Ra|WU_ YRZ Y] ]W ]gT l TU]bU\`]YWR aTUYTa W| ]gT te_ `]UY Y] ]`nTa ]gT |WU_
dQTn := [Q, Tn] = i
n∑
l=1
∂
∂xµl
T µn/l(x1, . . . xl . . . xn)
Ê} h§¹Ë
\ TfW_ YRZ ` fWRSY]YWR WR ]gT f`ba`X SYa]UY\b]YWRa
Tn
h QR W]gTU ^WUSa k Z`bZT YRV`UY`RfT
Ya |bX² XXTS Y|
dQTn
Ya ` SYVTUZTRfT ^gTUT
n
_T`Ra ]gT WUSTU YR l TU]bU\`]YWR ]gTWUm `RS
l
]gT Z`bZT V`UY`]YWR WR ]gT VTU]T
xl
h
ãRT |bU]gTU |bRS`_ TR]`X YRZUTSYTR] W|
w
b`R]b_ ²TXS ]gTWUm g`a ]W \T _ TR]YWRTS
Ô±Ö h QR fWR]U`a] ]W ]gT fX`aaYf`X ]gTWUmk ` Z`bZT fWRSY]YWRF XYnT
∂µA
µ = 0
f`RRW] gWXS
WR ]gT TR]YUT oWfn al`fT `a `R WlTU`]WU T
w
b`]YWR G h QR
w
b`R]b_ ²TXS ]gTWUmk ]gYa _ T`Ra
H
[., .]
3 %&, - ="33)-%-"# ; # %,
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∂µA
µ(x)Ω = ∂µA
µ+(x)Ω 6= 0
; # 
+ R−S
3  %&, -  3 +,,+"&
R
%.,"#.-+"&
S
@%#- "2
Aµ(x)
%&$
Ω
- 5%=))3 A T- "*$, "&*6 %, %&
 M@ =-%-+"& 5%*) 
(Ω, ∂µA
µ(x)Ω) =
`
Ω, ∂µA
µ+(x)Ω
´
=
`
∓∂µA
µ−(x)Ω,Ω
´
= 0
; # - )@@ #
−
,+4& ="## ,@"&$, -"
µ = 0
A
µ
]g`] ` Z`bZT ]U`Ra|WU_ `]YWR `RS ` al`fTe]Y_ T ]U`Ra|WU_ `]YWR XYnT qWUTR]je WU ©WYRf`UU
]U`Ra|WU_ `]YWRa _ba] \T |WU_bX`]TS WR a]`]Ta YR Hgh h  WUTWVTU k ]gT bRY]`Um ]U`Ra|WUe
_ `]YWR |UW_ ` lgmaYf`X a]`]T
Φ ∈ Hphys ]W `RW]gTU lgmaYf`X a]`]T Φ˜ ∈ Hphys ]bURa Wb] ]W
fWRaYa]a W| ` qWUTR]j ]U`Ra|WU_ `]YWR k ^gYfg YR ZTRTU`X ]U`Ra|WU_ a
Φ
Wb] W|
Hphys
ÙÐV `
Z`bZT ]U`Ra|WU_ `]YWR k ZTRTU`]TS \m
Q
^gYfg ]U`Ra|WU_ a ]gT a]`]T \`fn YR]W Hphys h ygba
YR
w
b`R]b_ ²TXS ]gTWUmk ^T f`R ZTRTU`XXm RW] alT`n W| ` Z`bZT ]U`Ra|WU_ `]YWR ^gYfg
XT`VTa ` Z`bZT YRV`UY`R] h QRSTTS k ^T ^ YXX aTT YR aTf]YWR ª h§h} ]g`] ]gT Z`bZT fWRSY]YWRa
SW RW] gWXS WR ]gT ²TXS WlTU`]WUa \b] WR ]gT ]Ta] |bRf]YWRa h ygYa ^ YXX \ T ` fUbfY`X |`f]
YR ]gT T]TRaYWR W| ]gT _ `aaXTaa ]W ]gT _`aaYVT alYRe}
w
b`R]b_ Z`bZT ]gTWUmh
ygTUT Ya WRT |bU]gTU UT_ `Un ]W \ T _ TR]YWRTS h tW |`U k ]gT |U`_ T^WUn W| f`ba`X l TUe
]bU\`]YWR ]gTWUm `RS lTU]bU\`]YVT Z`bZT YRV`UY`RfT g`a UTfWVTUTS `XX _ `YR |T`]bUTa W|
fWRVTR]YWR`X Z`bZT ]gTWUYTa \b] ^ Y]g ]gT Y_lWU]`R] SYvTUTRfT ]g`] ]gTUT `UT RW bX]U`VYWe
XT] SYVTUZTRfYTa `RS W]gTU YXXeST²RTS WlTU`]YWRa `llT`UYRZ h QR ]gT f`aT W| ablTUam__T]Um
Ô}´Ö k ² Ua] YRfWRaYa]TRfYTa \ T]^TTR ]gT fWRVTR]YWR`X `llUW`fg `RS ]gT f`ba`X |U`_ T^WUn
g`VT agW^R bl h xb] YR ]gT f`aT W| _ `aaXTaa `RS _ `aaYVT ZU`VY]m `a ]^W RT`U\m ]gTWUYTa k
]gT alYRe}
w
b`R]b_ Z`bZT ]gTWUm Ya ]gT WR Xm _ Tfg`RYa_ ]W |bXXm STVTXWl ]gT ]gTWUYTa YR
` fWRaYa]TR] ^`mk ^ Y]gWb] ZYVYRZ bl \`aYf lgmaYf`X lUYRfYlXTa XYnT lWaY]YV Y]m W| ]gT TRTUZmk
fWRaTUVTS TRTUZme_W_TR]b_ `RS qWUTR]j YRV`UY`RfT h
W
ìë XÅçY ÉŁ ç Łë çíZêŁŁÉÈ ê É[
æ
êçÅŁÉÈè
tYRfT ZU`VY]m fWblXTa ]W ]gT TRTUZme_W_TR]b_ ]TRaWU W| lgmaYf`X _ `]]TU k ]gT ZU`VY]WR \
g`a ]W \ T UTlUTaTR]TS \m ` am__T]UYf ]TRaWU ²TXS ] W| U`Rn ]^W h Q] ]U`Ra|WU_ a bRSTU ]gT
lUWl TU qWUTR]j ZUWbl L↑+
`ffWUSYRZ ]W ]gT ]TRaWU lUWSbf] W| ]^W al YRWU UTlUTaTR]`]YWRa
D(1/2, 1/2)
^gYfg f`R \T STfW_lWaTS YR]W YUUTSbfY\XT UTlUTaTR]`]YWRa `a
D(1/2, 1/2) ⊗D(1/2, 1/2) = D(1, 1) ⊕D(1, 0) ⊕D(0, 1) ⊕D(0, 0) Êª h§Ë
[ am__T]UYf ]TRaWU ²TXS ^ Y]g `U\Y]U`Um ]U`fT ]U`Ra|WU_ a bRSTU ]gT YUUTSbjY\XT UTlUTe
aTR]`]YWRa `a
D(1, 1)⊕D(0, 0) ^gTUT D(1, 1) Ya RYRTeSY_TRaYWR`X `RS ZYVTR \m am__T]UYf k
]U`fTXTaa ]TRaWUa ^gTUT`a
D(0, 0)
Ya WRT SY_ TRaYWR`X `RS ZYVTR \m ` af`X`U ²TXS k ab__ YRZ
bl ]W ]TR YRSTl TRSTR] STZUTTa W| |UTTSW_ h ygTUT|WUT k ]gT WRT l`U]YfXT × YX\ TU] al`fT
H(1) f`UUYTa ]gT SYUTf] ab_ W| ]gT ]^W bRY]`Umk YUUTSbjY\XT UTlUTaTR]`]YWRa W| ]gT lUWlTU
qWUTR]j ZUWbl `a
D(1, 1)⊕D(0, 0) fWUUTalWRSYRZ ]W ]^W l`U]YfXTa W| _ `aa jTUW WU m0 `RS
alYR a } `RS ¹ k UTal Tf]YVTXmh QR fWRaT
w
bTRfT W| ]g Ya k ^T ^ YXX bRSTUa]`RS \m ` |UTT ZU`VY]WR k
]gT alYRe} l`U]YfXT k ^gYfg Ya UTlUTaTR]TS WR ]gT lgmaYf`X WRT l`U]YfXT × YX\TU] al`fT H(1)phys
k
fWUUTalWRSYRZ ]W H(1)phys = Ker(1)(Q)/Ran(1)(Q)
WU H(1)phys = Ker(1){Q,Q†}
h ygYa \Te
fW_ Ta fXT`U ^gTR YSTR]Y|m YRZ ]gT _ `]]TUe `RS aTX|fWblXYRZa k STUYVTS YR ]gT fX`aaYf`X f`aT
\m Tl`RSYRZ ]gT XYRT`UYjTS i YRa]TYRe× YX\TU] q`ZU`RZY`R `RS YR ]gT
w
b`R]b_ f`aT |UW_
lTU]bU\`]YVT Z`bZT YRV`UY`RfT h H(1)phys
Ya YaW_WUlgYf ]W ` fTU]`YR
L2
eal`fT WVTU ]gT bllTU
gmlTU\WXWYS
X+m0
W| _ `aa
m0 ≥ 0 ^gYfg Ya \m ST²RY]YWR X+m0 ≡ {k ∈ R4| ||k||2 = m20}
h
sT SW RW] UT|TU ^ Y]g WbU RW]`]YWR W| ]gT am__T]UYf ]TRaWU ²TXS
hµν
]W ]gT fX`aaYf`X
XYRT`UYjTS ]gTWUm W| ZTRTU`X UTX`]YV Y]mh ãRXm ^gTR ]UT`]YRZ xUT_ aa]U`gXbRZ YR ]gT T]TUe
R`X ²TXS _ Tfg`RYa_ k ^T ^ YXX _ `nT fWR]`f] ]W ]gT ÝT^]WRY`R XY_ Y] W| Y] k ^gTUT ]gT _ T]UYf
^_
+4*6 # ="33 &$ $ ="33 &- "& - @%#-+=* "# ? *$ @"+&- "2 5 + ; +, ` a b cdefghij +& ﬃ "# -+=%*
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op
 ; +** - # 2"# -%q - P)%&-)3 ? *$ %, - 2)&$%3  &-%* ".r  =- %&$ &"- - @%#-+=* ,+&= %**
@#"@  #-+ , "2 - *%-- # =%& . %,,+4& $ -" - 2"#3  # * %5+&4 - "& '-"'"& ="## ,@"&$ &= @%#-+=* 
↔
P)%&-)3 ? *$
↔
*" =%* P)%&-)3 ? *$ "@  #%-"# A
´
]TRaWU Ya XYRT`UYjTS h oUW_ ]gT \TZYRRYRZ WR k ^T ^ YXX ]UT`] ]gT ²TXSa WR  YRnW^ anY \`fne
ZUWbRS W| al`fTe]Y_ T ^gTUT Y]a _ T]UYf Ya fgWaTR `ffWUSYRZ ]W
ηµν = diag(+,−,−,−) h
ygT YRSYfTa `UT U`YaTS `RS XW^TUTS YR ]gT bab`X ^`mk fW__` _T`Ra WUSYR`Um l`U]Y`X
STUYV`]YVT `RS ]gT fWV`UY`R] ab__`]YWR fWRVTR]YWR Ya baTS h ygT V`fbb_
Ω
Ya RWU_ `Xe
YjTS `ffWUSYRZ ]W
(Ω,Ω) = 1
h obU]gTU_WUT k
c
`RS
~
`UT aT] ]W WRT h QR ZTRTU`X k Y] agWbXS
\ T fXT`U ^ Y]gWb] ab\afUYl] |WU ]gT ZU`VY]WR _ `aa
(m0)
^g`] f`aT ^T `UT YRVTa]YZ`]YRZ h
s ûü t þ     þ 
QR STafUY\YRZ ]gT _ `aaXTaa ZU`VY]WR `a ]gT `am_l]W]Yf alYRe} l`U]YfXT \m ` am__T]UYf
]TRaWU ²TXS
hµν
k ^T ^ YXX _ WVT `XWRZ ` l`]g fXWaT ]W ]gT fX`aaYf`X fWRfTl]a k \b] ^ YXX a]UTaa
]gT SYvTUTRfT ^gTR TVTU RTTSTS h QR ]gT _ `aaXTaa f`aT Ô± k ³¹Ö k ]gT WRT l`U]YfXT × YX\ TU]
al`fT H(1) f`UUmYRZ ]gT bRY]`Umk YUUTSbfY\XT UTlUTaTR]`]YWR W| ]gT lUWlTU qWUTR]j ZUWbl
`a
D(1, 1) ⊕ D(0, 0) k Ya H(1) = H(0,2) ⊕ H(0,0) Y hT h STafUY\ Ta ]^W l`U]YfXTa W| _ `aa jTUW
`RS alYR } `RS WRT W| alYR ¹ k UTal Tf]YVTXmh sT ^ YXX aTT X`]TU k ]g`] |WU ]gT |UTT k lgmaYf`X
_ `aaXTaa ZU`VY]WR k ]gT alYRe¹ l`U] Ya `\aTR] h
¦ u u v   w ½   ¬¬ ¢®  ¬¬ ¬
Q
QR ]gT |W XXW^ YRZ k _ Wa] W| ]gT lUTaTR]TS _`]TUY`X Ya TX`\WU`]TS YR Ô±Ö h ygT |bRS`_ TR]`X
|UTT `am_l]W]Yf ²TXSa YR ]gT _ `aaXTaa f`aT `UT ]gT am__T]UYf ]TRaWU ²TXS W| U`Rn ]^W
^ Y]g `U\Y]U`Um ]U`fT
hµν(x)
k ` ZgWa]
uµ(x)
`RS ` `R]YeZgWa]
u˜µ(x)
h ygTm `XX a`]Ya|m ]gT
_ `aaXTaa x XT YRecWUSWR T
w
b`]YWR
2hµν(x) = 0
2uµ(x) = 0
2u˜µ(x) = 0
Êª h}Ë
tYRfT ` am__T]UYf ]TRaWU ²TXS f`UUYTa ]TR STZUTTa W| |UTTSW_ k ²VT _WUT ]g`R ]gT
²VT YRSTlTRSTR] fW_lWRTR]a W| ` alYRe} ²TXS k ]gTm _ba] \ T UTSbfTS \m `R `SSY]YWR`X
fWRSY]YWR h QR ]gT fX`aaYf`X f`aT k ^gTUT
hµν
UTlUTaTR]a ]gT _ T]UYf lTU]bU\`]YWR k ]gT ²VT
STZUTTa W| |UTTSW_ `UT UTSbfTS ^ Y]g ]gT ]^W Z`bZT fWRSY]YWRa
h¯µν,µ (x) = 0
h¯µµ(x) = 0
Êª hªË
^gTUT
h¯µν = hµν− 12ηµνh
`RS
h = ηµνh
µν h ygTm `UT UT|TUUTS ]W `a ]gT × YX\ TU]eZ`bZT
`RS ]gT ]U`fT fWRSY]YWR k ab__`UYjTS `a ]gT ]U`RaVTUaTe ]U`fTXTaa Ê]]Ë fWRSY]YWR h tYRfT ^T
^`R] ]W ]UT`] WbU ]TRaWU ²TXS
hµν(x)
`a ` Z`bZT ²TXS YR ]gT aTRaT W| l TU]bU\`]YVT Z`bZT
]gTWUmk ^T _ba] Y_lWaT `
w
b`R]b_ Z`bZT ]U`Ra|WU_ `]YWR y WR Y] h Q]a fX`aaYf`X `R`XWZWR
h¯′µν(x) = h¯µν(x) + ξµ,ν(x) + ξν,µ(x) − ηµνξγ,γ(x)
Êª h³ Ë
XT`VT ]gT ]]efWRSY]YWR ª hª YRV`UY`R] ^gTUT
ξµ
Ya ` VTf]WU ²TXS h
z
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±
ygTUT|WUT k ]gT
w
b`R]b_ Z`bZT ]U`Ra|WU_`]YWR W| ]gT ]TRaWU ²TXS
hµν(x)
]`nTa ]gT
|WU_
h′µν(x) = hµν(x) + λ
(
uµ,ν + uν,µ − ηµνuγ,γ
)
(x) +O(λ2)
= hµν(x) + 2λ bµναβ uα,β(x) +O(λ
2)
Êª h«Ë
^gTUT
uµ(x)
Ya ]gT VTf]WU ZgWa] ²TXS `RS
bµναβ
Ya ]gT
b
e]TRaWU ZYVTR \m
bµναβ =
1
2
(
ηµαηνβ + ηµβηνα − ηµνηαβ)
ygT VTf]WU ZgWa]
uµ(x)
g`a ]W a`]Ya|m ]gT _ `aaXTaa x XTYRecWUSWR T
w
b`]YWR k YR WUSTU
]W XT`VT ]gT ]U`Ra|WU_ TS ²TXS
h′µν
a`]Ya|m YRZ ]gT x XT YRecWUSWR T
w
b`]YWR k ]WW h QR ]gT
fX`aaYf`X f`aT k ]gT ]U`Ra|WU_ `]YWR ª h³ XT`VTa ]gT Z`bZT fWRSY]YWR ª hª YRV`UY`R] `RS UTSbfTa
]gUTT |bU]gTU STZUTTa W| |UTTSW_ XT`VYRZ ]^W W| ]gT_ h xb] YR WbU fWR]T] k ]gT ]TRaWU
²TXS
hµν(x)
`a `R WlTU`]WU V`XbTS |bRf]YWR`X k f`RRW] |bX² XX ` fX`aaYf`X Z`bZT fWRSY]YWR h
WUTWVTU k ^T nRW^ |UW_ aTf]YWR } h} k ]g`] ` Z`bZT fWRSY]YWR f`RRW] gWXS `a `R WlTU`]WU
T
w
b`]YWR WR ]gT TR]YUT oWfn al`fT h ygT _ `YR YRZUTSYTR] Ya RW^ ]W fWRaYSTU ª h« `a `R
WlTU`]WU Z`bZT ]U`Ra|WU_ `]YWR k ZTRTU`]TS \m ` YR²RY]TaY_ `X ZTRTU`]WU
Q
`a
h′µν(x) = e−iλQ hµν(x) eiλQ
Êª hµË
^gTUT `ffWUSYRZ ]W ª h§ k
hµν(x)
Ya fWRaYSTUTS ]W UTlUTaTR] ]gT alYRe} ]TRaWU ²TXS ^ Y]g
`U\Y]U`Um ]U`fT h ygT TlXYfY] |WU_ W|
Q
Ya ZYVTR \m
Q =
∫
x0=t
d3xhµν,ν
←→
∂ x0 uµ
Êª h´Ë
sT ^ YXX aTT X`]TU ]g`] ` Z`bZT fWRSY]YWR YRSbfTS \m ]gT Z`bZT ZTRTU`]WU
Q
^YXX gWXS
WR ]gT fWUUTalWRSYRZ ]Ta] |bRf]YWR W| ]gT a_ T`UTS ²TXS WlTU`]WU
hµν(x)
h QR WUSTU ]W
`fg YTVT ]gT UT
w
b YUTS R YXlW]TRfm W|
Q
k ]gT VTf]WU ZgWa] ²TXS
uµ(x)
g`a ]W \T
w
b`R]YjTS
^ Y]g `R]YfW__b]`]WUa
{uµ(x), u˜ν(y)} = i ηµν D0(x − y) Êª h±Ë
\ TfW_ YRZ ` |TU_ YWRYf VTf]WU ZgWa] h
D0(x− y) Ya ]gT _ `aaXTaa WUS`Re©`bXY SYa]UY\b]YWR
ÔÕÖ h [ffWUSYRZ ]W ª hµ k ]gT Wl TU`]WU
Q
`a ZYVTR YR ª h´ k _ba] ZTRTU`]T ]gT YR²RY]TaY_ `X
Wl TU`]WU Z`bZT ]U`Ra|WU_ `]YWR ª h« h ygTUT|WUT k ]gT Z`bZT V`UY`]YWR WR ]gT ]TRaWU ²TXS
hµν(x)
_ba] ]`nT ]gT |WU_
dQ h
µν(x) =
[
Q, hµν(x)
]
= − i
2
(
uµ,ν + uν,µ − ηµνuσ,σ
)
(x)
:= −i bµναβuα,β(x)
Êª hÕË
^gTUT ]gT |`f]WU
i/2
Ya fWRVTR]YWR h tb\

Tf] ]W ª hÕ k ]gT _ `aaXTaa ]TRaWU ²TXS
hµν(x)
_ba] \ T
w
b`R]YjTS Ô± k ³¹Ö `a
[
hµν(x), hαβ(y)
]
= − i bµναβ D0(x− y) Êª h§¹Ë
Õ
oWU ]gT TlXYfY] UTlUTaTR]`]YWR YR oWfn al`fT F k ]gT al`fT W| `am_l]W]Yf |UTT ²TXSa k
hµν(x)
Ya STfW_lWaTS `ffWUSYRZ ]W
D(1,1) ⊕D(0,0) k ]gT bRY]`Umk YUUTSbfY\XT UTlUTaTR]`e
]YWRa W| ]gT qWUTR]j ZUWbl `a
hµν(x) = Hµν(x) +
1
4
ηµνh(x)
Êª h§§Ë
^gTUT
Hµν(x)
UTlUTaTR]a ]gT ]U`fTXTaa l`U] W| ]gT alYRe} ²TXS Y hT h
ηµνH
µν = 0
`RS
h(x)
Y]a ]U`fT l`U] Y hT h
ηµνh
µν = h
h [ffWUSYRZ ]W Ô±Ö k ]gT ²TXSa `UT oWbUYTU UTlUTaTR]TS
\m
Hµν(x) = (2pi)−
3
2
∫
d3k√
2Ek
(
Aµν(~k) e
−ikx + ηµµηννA†µν(~k) e
ikx
)
Êª h§}Ë
^gTUT ]gT
Aµν(~k)
k
A†µν(~k)
`UT `RRYg YX`]YWR `RS fUT`]YWR WlTU`]WUa WR ` \WaWRYf oWfn
al`fT h oUW_ ª h§¹ ^T ²RS ]gT fW__b]`]YWR UTX`]YWR
ηααηββ
[
Aµν(~k), A
†
αβ(
~k′)
]
= tµναβ δ(~k − ~k′) Êª h§ªË
^gTUT
tµναβ
Ya Z YVTR \m
tµναβ =
1
2
(
ηµαηνβ + ηµβηνα − 1
2
ηµνηαβ
)
ÝW]T k ]g`] WbU RW]`]YWR SYvTUa aXYZg]Xm |UW_ ]gT WRT YR Ô±Ö \ Tf`baT YR ]gT lUTaTR]
^WUn k ^T g`VT ]W SYa]YRZbYag \ T]^TTR WlTU`]WUa ^gYfg fUT`]T `RS `RRYgYX`]T ]U`fTXTaa
_ WSTa `RS aW_ T ^gYfg fUT`]T `RS `RRYgYX`]T _WSTa YRfXbSYRZ ]U`fT STZUTTa W| |UTTSW_ h
ygT af`X`U l`U]
h(x)
Ya UTlUTaTR]TS YR _W_TR]b_ al`fT `a
h(x) = (2pi)−
3
2
∫
d3k√
2Ek
(
d(~k) e−ikx − d†(~k) eikx
)
Êª h§³Ë
^gTUT ]gT fUT`]YWR `RS `RRYgYX`]YWR WlTU`]WUa
d†(~k)
`RS
d(~k)
WR ` \WaRYf oWfn al`fT
a`]Ya|mk `ffWUSYRZ ]W ª h§¹ k ]gT fW__b]`]YWR UTX`]YWR
[
d(~k), d†(~k′)
]
= 4δ(~k − ~k′) Êª h§«Ë
QR ª h§} `RS ª h§³ k ^T fWb XS g`VT `XaW baTS ]gT x UTYR WlTU`]WU Ôª}Ö `a `RW]gTU fWR

bZ`]YWR h
xb] ]gTm `UT T
w
bYV`XTR] `RS ]gTYU ST²RY]YWR SWTa RW] _ `]]TU |WU lgmaYf`X
w
b`R]Y]YTa
`Rm^`mh QR fWRaT
w
bTRfT W| ª h§¹ k ]gT Z`bZT V`UY`]YWR |WU ]gT |bRS`_TR]`X ²TXSa ]`nT k
`ffWUSYRZ ]W ª h´ `RS ª hÕ k ]gT |WXXW^ YRZ |WU_
dQ h
µν = − i
2
(
uµ,ν + uν,µ − ηµνuσ,σ
)
dQ h = iu
σ
,σ
dQ u˜
µ = ihµν,ν
dQ u
µ = 0
Êª h§µË
ÝW]T k ]g`]
dQ h
µν
,ν = 0
]gba ]gT ST²RY]YWR W|
Q
YR ]gT _ `aaXTaa f`aT fWUUTalWRSa
]W ]gT fX`aaYf`X Z`bZT fWRSY]YWR ª hª k UTfWVTUYRZ ]gT ^TXX nRW^R fX`aaYf`X |U`_ T^WUn W|
XYRT`UYjTS ZU`VY]mh
§¹
Q] Ya ^WU]g _ TR]YWR YRZ k YR fWRaT
w
bTRfT W| } h´ k } h± `RS ]gT Z`bZT V`UY`]YWRa ST²RTS
`\WVT k ]g`] ]gT ZTRTU`X |WU_ W| ]gT Z`bZT V`UY`]YWR _ `m \T f`a] YR]W ]gT |WXXW^ YRZ |WU_
dQF := QF − (−1)ng(F )FQ
^gTUT
F
Ya ` |UTT
w
b`R]b_ ²TXS WR Hgh h ng Ya ]gT ZgWa] Rb_\TU k ]gT Rb_\TU W|
ZgWa] ²TXSa _ YRba ]gT Rb_\TU W| `R]YeZgWa] ²TXSa YR
F
h ygTR k ]gT WlTU`]WU
dQ
g`a `XX
lUWl TU]YTa W| `R `R]YSTUYV`]YWR k W\ TmYRZ ]gT qTY\RYj UbXT
dQ(AB) = (dQA)B + (−)ng(A)AdQB
^Y]g
A, B
\TYRZ `U\Y]U`Um WlTU`]WUa WR Hgh h
¦ u u   ¡ ¬ ¢ ¢® ¢  ¢ ®  ¬­
QR ]gT STUYV`]YWR W| ^g`] lgmaYf`X STZUTTa W| |UTTSW_ `UT f`UUYTS \m ]gT |UTT _ `aae
XTaa ZU`VY]WR k ^T g`VT ]^W Wl]YWRa h ãRT ^`m Ya ]W fWRaYSTU ]gT Z`bZT fg`UZT
Q
YR
_W_TR]b_ al`fT `RS f`XfbX`]T TlXYfY] Xm ]gT lgmaYf`X ab\al`fT k ST²RTS `a ]gT nTUe
RTX W| {Q,Q+} h oWU ]gT _ `aaXTaa f`aT k ]gYa Ya SWRT YR Ô± k ª}Ö h sT ^ YXX Wb]XYRT gTUT
WR Xm ]gT _`YR YRZUTSYTR]a h ygT W]gTU ^`m Ya ]W fWRaYSTU ]gT lgmaYf`X al`fT ST²RTS `a
Hphys = Ker(Q)/Ran(Q) `RS ]W STUYVT ]gT lgmaYf`X STZUTTa W| |UTTSW_ YR eal`fT h
¯ ­
QR ]gT _ `aaXTaa f`aT k ]gT Z`bZT fg`UZT
Q
Ya ZYVTR k `ffWUSYRZ ]W ª h´ k \m
Q =
∫
x0=t
d3xhµν,ν
←→
∂ x0 uµ
`RS ^T fWRaYSTU ]gT ST²RY]YWR W| ]gT lgmaYf`X ab\eal`fT `a
Ker{Q,Q+} h ygT ]`an Ya
RW^ ]W ^UY]T SW^R
Q
YR _W_TR]b_ al`fT `RS ]W f`XfbX`]T TlXYfY]Xm ]gT `R]YfW__b]`]WU
{Q,Q+} h Q] fWR]`YRa ]gT l`U]YfXT Rb_\TU WlTU`]WUa W| `XX bRlgmaYf`X l`U]YfXTa W| ]gT
]gTWUmh ygT lgmaYf`X a]`]Ta
ψ
`UT ]gTR YSTR]Y²TS `a ]gT l`U]YfXT Rb_\TU WlTU`]WUa ^ Y]g
V`RYagYRZ TYZTRV`XbTa `f]YRZ WR ]gT V`fbb_
Ω
h ygYa _ T`Ra ]g`] ^T g`VT ]W YRaTU]
YR]W ]gT ST²RY]YWR W|
Q
]gT _W_TR]b_ al`fT UTlUTaTR]`]YWRa |WU ]gT ²TXSa YRVWXVTS h
[R Y_lWU]`R] lWYR] XYTa YR ]gT |`f] ]g`] ]gT oWfn al`fT F ZTRTU`]TS \m ]gT fUT`]YWR
`RS `RRYg YX`]YWR WlTU`]WUa
Aµν(~k)
k
A†µν(~k)
`RS ]gTYU fW__b]`]YWR UTX`]YWR ª h§ª Ya RW]
SY`ZWR`X SbT ]W
tµναβ
h oWU UT_TSm ]gYa ST|Tf] k ^T g`VT ]W `llXm ` XYRT`U ]U`Ra|WU_ `]YWR
WR ]gT SY`ZWR`X Wl TU`]WUa
Aµµ
`RS
A†µµ
^gYfg ]`nTa ]gT |WU_
A00 =
1
2
(
A˜11 + A˜22 + A˜33
)
A11 =
1
2
(
− A˜11 + A˜22 + A˜33
)
A22 =
1
2
(
A˜11 − A˜22 + A˜33
)
A33 =
1
2
(
A˜11 + A˜22 − A˜33
)
Êª h§´Ë
ÍaYRZ ]gT RW]`]YWR W| ]gTaT WlTU`]WUa `a 1
2A00 = B00
k
A˜ii = Bii
`RS
Aαβ = Bαβ
|WU
α 6= β k ]gTm a`]Ya|m ]gT fW__b]`]YWR UTX`]YWRa
§§
[
Bµν(~k), B
†
αβ(
~k′)
]
=
1
2
(
δµαδνβ + δµβδνα
)
δ(~k − ~k′) Êª h§±Ë
`RS ]gba fWRa]Ubf] ]gT oWfn UTlUTaTR]`]YWR YR ]gT bab`X ^`mh ygYa _ T`Ra ]g`] ^T
g`VT ]W ab\a]Y]b]T YR ]gT f`XfbX`]YWR W| {Q,Q+} ]gT SY`ZWR`X Wl TU`]WUa Aµµ `RS A†µµ
\m ]gT
A˜µµ
`RS
A˜†µµ
h ¨gWWaYRZ `R TlXYfY] |U`_T `a
kµ = (ω, 0, 0, ω)
^Y]g
kµkµ = 0
`RS
SY`ZWR`XYjYRZ ]gT T_ TUZYRZ
w
b`SU`]Yf |WU_ k ^T ]gTR _ `m YSTR]Y|m ]gT _ `aaXTaa lgmaYf`X
a]`]Ta `a
ψ1 = A
†
12 Ω
ψ2 =
(
A˜11 − A˜22
)†
Ω
QR WUSTU ]W lUTl`UT ]gT f`XfbX`]YWR |WU ]gT _ `aaXTaa xUT_ aa]U`gX _ `]UY TXT_ TR] k ^T
g`VT ]W RWU_ `XYjT ]gTaT ]^W lgmaYf`X a]`]Ta SbT ]W ª h§ª k ª h§« k ª h§± `RS ]U`Ra|WU_ ]gT
A˜µν
a \`fn ]W ]gT
Aµν
a \Tf`baT ]gT fW__b]`]YWR UTX`]YWRa ª h§ª ^ YXX \ T baTS ]gTUT h QR
]gT |WXXW^ YRZ k ^T ^ YXX ^ UY]T ]gT _ `aaXTaa lgmaYf`X a]`]T `a ` ]^We]blXT `a
~ψ =

 ψ1ˆ
ψ2ˆ

 =


√
2A†12
1√
2
(
A22 −A11
)†

(~k)Ω Êª h§ÕË
yU`Ra|WU_ YRZ ª h§Õ YR]W gTXYfY]m |WU_ `XYa_ k ^T ²RS ]gT ^TXX nRW^R ±2 gTXYfY]m a]`]Ta h
Q] Ya Y_lWU]`R] ]W RW]T ]g`] ]gT ]U`fT STZUTT W| |UTTSW_ k fUT`]TS \m
d†
k Ya RW] lgmaYf`X h
{
¯ ­
QR ]gT STUYV`]YWR W| ]gT _ `aaXTaa lgmaYf`X STZUTTa W| |UTTSW_ YR eal`fT k ^T ^ YXX g`VT ]W
baT aW_ T `UZb_ TR]a |UW_ ]gT |WU_ TU leal`fT STUYV`]YWR k YR WUSTU ]W Ta]`\XYag ]gT ^`m
lUTaTR]TS gTUT h Q] Ya \`aTS WR ]gT ^WUn Ô}± k ª §Ö h oWU aY_lXYfY]mk ^T ^ YXX fWRaYSTU WRXm
WRTel`U]YfXT a]`]Ta h
ygT lgmaYf`X WRTel`U]YfXT al`fT fWUUTalWRSYRZ ]W H(1)phys = Ker(1)(Q)/Ran(1)(Q)
^gTUT
Ker(1)(Q) ≡ Ker(Q)∩H(1) `RS Ran(1)(Q) ≡ Ran(Q)∩H(1) Ya H [0,2]⊕H [0,0] Y hT h
STafUY\YRZ ]^W _ `aaXTaa l`U]YfXTa ^ Y]g al YR } `RS WRT W| alYR ¹ k UTalTf]YVTXmh [ ZTRTU`X
WRTel`U]YfXT a]`]T Ya
Φ =
∫
d4x
[
fµνhµν + f
µ
1 uµ + f
µ
2 u˜µ
]
Ω
Êª h}¹Ë
^gTUT ]gT ^`VT |bRf]YWRa
fµν(x)|
g`VT oWbUYTU ]U`Ra|WU_ a ^ Y]g abllWU] WR ]gT _ `aa
agTXX k ]gTm `UT am__T]UYf YR
µ, ν
`RS ]U`fTXTaa} h
~
+ A A - ,- 2)&=-+"&,
fµν ∈ S(R4)
> - :=;%#-O ,@%= "2 - 3@ # $ $+,-#+.)-+"&, A
ﬂ
T& -+, %@@#"%= > ; $" &"- %5 %& +&$ @ &$ &- %#4)3  &- 2"# - 
fµν
>
hµν
-" .  -#%= * ,, > .)-
; 3 %q ), "2 - +, %#4)3  &- 2#"3 - $ #+5%-+"&, +& /Q > nC1 A
§}
Ker(Q) :
QR WUSTU ]W STUYVT
Ker(1)Q
k ^T g`VT ]W `f] ^ Y]g ]gT Z`bZT fg`UZT
Q
WR ]gT ZTRTU`X
WRTel`U]YfXT a]`]T
Φ
baYRZ
Q Ω = 0
k gTRfT
QΦ =
∫
d4x
[
fµν
[
Q, hµν
]
+ fµ1
{
Q, uµ
}
+ fµ2
{
Q, u˜µ
}]]
Ω
=
∫
d4x
[
− i
2
fµν
(
∂µuν + ∂νuµ − ηµν∂γuγ
)
+ ifµ2 ∂
νhµν
]
Ω
Êª h} §Ë
ygT fWRSY]YWR
Φ ∈ Ker(1)(Q) ]`nTa ]gT |WU_
0
!
=
∫
d4x
[ i
2
(
∂µf
µνuν + ∂νf
µνuµ − ∂γf uγ
)− i∂νfµ2 hµν]Ω
=
i
2
∫
d4x
[(
2∂νf
µν − ∂µf)uµ − (∂νfµ2 + ∂µfν2 )hµν]Ω
Êª h}}Ë
^gTUT
f = ηµνf
µν XT`VYRZ ]^W fWRSY]YWRa WR ]gT ^`VT |bRf]YWRa `a
∂νfµ2 + ∂
µfν2 = 0
Êª h}ªË
2∂νf
µν − ∂µf = 0 Êª h}³Ë
Q] Ya Y_lWU]`R] ]W RW]T k ]g`] ]gT fX`aaYf`X × YX\ TU] Z`bZT fWRSY]YWR
∂µh¯
µν = 0
`f]a WR
]gT fX`aaYf`X ]TRaWU ²TXS
h¯µν
h QR
w
b`R]b_ ²TXS ]gTWUmk
hµν
\TfW_ Ta `R WlTU`]WU V`XbTS
SYa]UY\b]YWR `RS ]gT Z`bZT fWRSY]YWR ª h}³ gWXSa WR Y]a fWUUTalWRSYRZ ^`VT |bRf]YWR
fµν(x)
 h ygYa Ya ` fUbfY`X SYvTUTRfT ]W ]gT fX`aaYf`X f`aT h Q| ^T ST²RT
f¯µν = fµν− 12ηµνf
k ]gT fWRSY]YWR ª h}³ \TfW_ Ta ` ×YX\ TU] Z`bZT fWRSY]YWR WR ]gT ^`VT |bRf]YWR Y hT h
∂µf¯
µν = 0
Êª h}«Ë
ygTUT|WUT k ` a]`]T
Φ ∈ Ker(1)(Q) ]`nTa ]gT |WU_ ª h}¹ ab\ Tf] ]W ª h}ª `RS ª h}« h
Ran(Q)
ÝW] `XX a]`]Ta
Φ ∈ Ker(1)(Q) STafUY\T SYa]YRf] lgmaYf`X aY]b`]YWRa h sT _ba] |`f]WU Wb]
]gT a]`]Ta
Φ′ ∈ Ran(1)(Q) Y hT h a]`]Ta |UW_ Ker(1)(Q) VTUY|m YRZ
Φ′ = QΦ0
Êª h}µË
|WU aW_ T a]`]T
Φ0
h y`nYRZ ª h}« `a ^TXX `a UTa]UYf]YWRa WR ZgWa] Rb_\TUa YR]W `ffWbR] k
Φ0
]gTR _ba] \ T W| ]gT |WU_
Φ0 =
∫
d4x (gµ1uµ + g
µ
2 u˜µ)Ω
Êª h}´Ë
ﬂﬂ
B"# % ,633 -#+= %##%6> - # +, % ﬃﬃ'$ ="3@",+-+"& %=="#$+&4 -"
fij = f
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fij
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fTTij
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fij
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fTij
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fT
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_
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p
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§ª
aYRfT
uν
`RS
u˜µ
`UT ]gT WRXm ZgWa]e²TXSa YR ]gT _ `aaXTaa f`aT h QRaTU]YRZ ]gYa YR]W
ª h}µ `RS fW__b]YRZ
Q
]W ]gT UYZg] k ^T ZT]
QΦ0 = − i
2
∫
d4x
[
(∂νgµ2 + ∂
µgν2 )Hµν +
1
2
∂γg
γ
2 h
]
Ω
!
=
∫
d4xfµνHµνΩ
Êª h}±Ë
^gTUT ª h}± _ba] gWXS YR WUSTU ]W a`]Ya|m ª h}µ XT`VYRZ
∂µg
µ
2 = 0
Êª h}ÕË
fµν = − i
2
(∂νgµ2 + ∂
µgν2 )
Êª hª¹Ë
ygYa Ya ]gT ZTRTU`X |WU_ W| ` a]`]T |UW_
Ran(1)(Q)
h Q] |WXXW^ a RW^ ]g`] ]gT lgmaYf`X
a]`]Ta YR ]gT _ `aaXTaa f`aT `UT ZYVTR \m ^`VT |bRf]YWRa ^ Y]g oWbUYTU ]U`Ra|WU_ a WR ]gT
_ `aa agTXX k VTUY|m YRZ ª h}« k _ WSbXW ^`VT |bRf]YWRa W| ]gT ]ml T ª hª¹ ^gTUT ]gT ZgWa] ^`VT
|bRf]YWRa `UT ab\

Tf] ]W ª h}Õ h
QR WUSTU ]W ² ]gT Rb_\TU W| lgmaYf`X STZUTTa W| |UTTSW_ k ^T g`VT ]W fWbR] |UW_
]gT V`UYWba fWRSY]YWRa ]gT UTSbf]YWR W| STZUTTa W| |UTTSW_ ]gTm Y_lXmh [ am__T]UYf
]TRaWU ²TXS
fµν
g`a §¹ STZUTTa W| |UTTSW_ h ygTUT|WUT k ]gT ZTRTU`X WRTel`U]YfXT a]`]T
ª h}¹ f`UUYTa §± STZUTTa W| |UTTSW_ h ygT fWRSY]YWRa ª h}ª `RS ª h}³ UTSbfT §³ STZUTTa
W| |UTTSW_ lXba ]gT `SSY]YWR`XXm ]U`fTXTaa fWRSY]YWR
fµµ = 0
k XT`VYRZ ]gUTT STZUTTa W|
|UTTSW_ h oUW_
Ran(1)Q
]gTUT Ya ]gT fWRSY]YWR ª h}Õ ]W \ T a`]Ya²TS ^gTUT ª hª¹ aT]a ]gT
|WU_ W| ]gT ^`VT |bRf]YWRa
fµν
h Q| ^T RW^ fWbR] ]gT STZUTTa W| |UTTSW_ |UW_
Ker(1)(Q)
`RS |UW_
Ran(1)(Q)
k ^T `UT XT|] ^ Y]g ]^W lgmaYf`X STZUTTa W| |UTTSW_ `a Y] agWbXS \ T
|WU ]gT _ `aaXTaa |UTT ZU`VY]WR h
¦ u u¦ ¤ ®
tYRfT ^T `UT YR]TUTa]TS YR
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ ^gTUT ]gT _ `aaXTaa
ZU`VY]WR f`UUYTa ]^W lgmaYf`X lWX`UYj`]YWRa ± ÊgTXYfY]YTaË k ^T _ba] ab_ WVTU ]gT_ YR ]gT
²R`X fUWaa aTf]YWR h ygT `Y_ W| ]gT |WXXW^ YRZ SYafbaaYWR Ya ]W TX`\WU`]T ]gT R`]bUT W|
]gT lWX`UYj`]YWR ]TR aWU `RS ]W ST]TU_ YRT Y]a lWX`UYj`]YWR ab_ k ]gT ab_ WVTU ]gT ]^W
lgmaYf`X STZUTTa W| |UTTSW_ h
[ ZTRTU`X ZU`VY]WR a]`]T k UTlUTaTR]YRZ ` lgmaYf`X _ `aaXTaa ZU`VY]WR k Ya ZYVTR \m
hf =
∫
d3k fˆµν(~k) ε
µν
λλ′(
~k) A†λλ′ (~k) Ω
Êª hª §Ë
^gTUT ]gT W\

Tf]
εµνλλ′(
~k)
Ya ]gT lWX`UYj`]YWR ]TRaWU k ST²RTS \TXW^ k UT|TUUYRZ ]W ]gT
lUWl`Z`]YWR SYUTf]YWR ~k
W| ]gT xUT_ aa]U`gX ZU`VY]WR ^ Y]g lWX`UYj`]YWR YRSYfTa
λλ′
`RS
fˆµν(~k)
Ya ]gT oWbUYTU ]U`Ra|WU_ W| ` ]Ta] |bRf]YWR YR tfg^`U]j al`fT h QR ]gT _ `aaXTaa
f`aT k
λλ′
l`U`_ T]UYjTa ]gT ±2 gTXYfY]mk ^ UY]YRZ ]gT lWX`UYj`]YWR ]TRaWU `a εµν± (~k)
h ygT
ab_ YR ª hª § WVTU ]gT
λλ′
eYRSYfTa Ya RW] `  YRnW^ anY af`X`U lUWSbf] aYRfT
λλ′
`UT RW] ]UbT
fWV`UY`R] WU fWR]U`V`UY`R] YRSYfTa ^ Y]g UTalTf] ]W ]gT  YRnW^ anY _ T]UYf
ηµν
^gTUT`a
]gT ab_ WVTU ]gT YRSYfTa
µν
Ya h sT _ `m T]U`f] ]gT lWX`UYj`]YWR ]TRaWU
εµν±
|UW_ ]gT
_ `]UY TXT_ TR] M `a
§³
M± = εµν∗± Mµν
Êª hª}Ë
^gTUT Mµν UTlUTaTR]a ]gT UT_ `YRYRZ ]TRaWUY`X l`U] W| Y] `RS ∗ _T`Ra fW_lXT fWRe

bZ`]YWR h QR ]gT f`XfbX`]YWR W| ]gT af`]]TUYRZ fUWaa aTf]YWR k ^T g`VT ]W a
w
b`UT ª hª} `RS
ab_ WVTU ]gT ]^W lgmaYf`X lWX`UYj`]YWRa ± h ygT fUWaa aTf]YWR Ya lUWlWU]YWR`X ]W
∑
±
∣∣∣M±∣∣∣2 = ∑
±
∣∣∣εµν∗± Mµν∣∣∣2
=
∑
±
∣∣∣εµν∗± ∣∣∣2∣∣∣Mµν∣∣∣2
=
∑
±
εµν± ε
µ′ν′∗
± MµνM∗µ′ν′
Êª hªªË
ygT TlUTaaYWR
∑
± ε
µν
± ε
µ′ν′∗
±
g`a RW^ ]W \T YRVTa]YZ`]TS h [ffWUSYRZ ]W ]gT l YWRTTUYRZ
^WUn \m sTYR\TUZ Ô³µ k ³ ´ k ³± k ³ÕÖ k ^T `UT `\XT ]W ^UY]T ]gT lWX`UYj`]YWR ]TRaWU
εµν∗±
`a
]gT lUWSbf] W| ]^W lWX`UYj`]YWR VTf]WUa
εµ∗±
εµν∗± = ε
µ∗
± ε
ν∗
±
Êª hª³Ë
[ lWX`UYj`]YWR VTf]WU
εµ±(kˆ)
|WU ]gT lUWl`Z`]YWR SYUTf]YWR ~k
W| ]gT xUT_ aa]U`gX
ZU`VY]WR Ya ST²RTS \m
εµ±(kˆ) ≡ R(kˆ)µν εν±
^gTUT R(kˆ)µν
Ya ` a]`RS`US UW]`]YWR ]g`]
f`UUYTa ` ²TS fWWUSYR`]T ` Ya YR]W ]gT SYUTf]YWR W| ~k
h [ffWUSYRZ ]W WbU fWRVTR]YWR W|
]gT _ T]UYf ]TRaWU
ηµν = η
µν = diag(+,−,−,−) k ]gT TlXYfY] |WU_ W| ]gT ]^W lWX`UYj`]YWR
VTf]WUa |WU ]gT _W_TR]b_ YR ]gT jeSYUTf]YWR ]`nTa ]gT |WU_
εµ± =
1√
2
(0, 1,±i, 0)
`RS ]gT |WXXW^ YRZ lUWlTU]YTa gWXS
ε∗±µ(kˆ) ε
µ
±(kˆ) = − 1
Êª hª«Ë
ε±µ(kˆ) ε
µ
±(kˆ) = 0
Êª hªµË
εµ∗± (kˆ) = ε
µ
∓(kˆ)
Êª hª´Ë
ε0±(kˆ) = 0
Êª hª±Ë
kµ ε
µ
±(kˆ) = 0
Êª hªÕË
^gTUT ]gT ab__`]YWR fWRVTR]YWR WVTU UTl T`]TS fWV`UY`R] YRSYfTa Ya b aTS h ygT ]^W
fWRSY]YWRa ª hªµ `RS ª hªÕ UTlUTaTR] ª h}« gWXSYRZ WR ]gT lWX`UYj`]YWR VTf]WU h
ygT ]U`Ra|WU_ `]YWR lUWlTU]YTa W| ]gT lWX`UYj`]YWRa VTf]WUa
εµ±(kˆ)
`UT \`aTS WR ]gT
^WUn \m s YZRTU Ô§§k §ªÖ h ygTm `UT STafUY\TS \m ]gT XY]]XT ZUWbl |WU _ `aaXTaa l`U]YfXTa k
]gT ZUWbl fWRaYa]YRZ W| `XX qWUTR]j ]U`Ra|WU_`]YWRa ^gYfg XT`VT ` a]`RS`US XYZg]eXYnT
|WbU VTf]WU YRV`UY`R] h s YZRTU agW^TS ]g`] ]gYa ZUWbl Ya YaW_WUlgYf ]W ]gT ZUWbl W| UW]`e
]YWRa \m `R `RZXT
Θ[~k,Λ]
`RS ` ]U`RaX`]YWR YR ]gT ibfXYSY`R lX`RT h ygT ]U`Ra|WU_ `]YWR
lUWlTU]m ]`nTa ]gT |WU_ Ô³´Ö
(
Λµν − kµΛ0ν
|~k|
)
εν±(Λkˆ) = exp{±iΘ[~k,Λ]}εµ±(kˆ)
Êª h³¹Ë
§«
ygT ]TU_
kµ
YR ª h³¹ lUTVTR] ]gT lWX`UYj`]YWR VTf]WU
εµ±(kˆ)
]W \ T ` ]UbT |WbUeVTf]WU k
gTRfT
εµν±
Ya RW] ` ]UbT ]TRaWU `ffWUSYRZ ]W ª hª³ h ygT ]U`Ra|WU_ `]YWR lUWlTU]m ª h³¹
Y_lXYTa ]gT te_ `]UY ]W \ T YRV`UY`R] bRSTU ]gT fX`aaYf`X Z`bZT ]U`Ra|WU_ `]YWR
εµ± → εµ± + λ±kµ
^Y]g
λ±
`U\Y]U`Umh tYRfT ]gT lWX`UYj`]YWR ]TRaWU f`UUYTa ]gT ]^W lgmaYf`X lWX`UYj`]YWRa k Y]
Ya ^WU]g ]W l`baT `RS ab__`UYjT ]gT SYvTUTRfT \T]^TTR ]gT fX`aaYf`X `RS ]gT
w
b`R]b_
f`aT h QR ]gT fX`aaYf`X |U`_ T^WUn k ]gT ablTUÌbWba STZUTTa W| |UTTSW_ W| ]gT ]TRaWU ²TXS
`UT UTSbfTS \m Y_lWaYRZ ]gT ]]efWRSY]YWR ª hª WR ]gT fX`aaYf`X ]TRaWU ²TXS
hµν
`RS Y]a
YRV`UY`RfT bRSTU ]gT fWWUSYR`]T ]U`Ra|WU_ `]YWR ª h³ h QR ]gT f`aT W| ZU`VY]m `a `
w
b`R]b_
Z`bZT ]gTWUmk ]gT ablTUÌbWba STZUTTa W| |UTTSW_ `UT UTSbfTS ]W ]gT ]^W lgmaYf`X WRTa
\m ]gT Z`bZT fg`UZT
Q
k `f]YRZ WR ]gT ²TXS WlTU`]WU
hµν(x)
`RS ²X]TUYRZ Wb] ]gT lgmaYf`X
a]`]Ta \m Hphys = Ker(Q)/Ran(Q) h ygYa SYvTUTRfT YR UTSbfYRZ ]gT ablTUÌbWba STZUTTa
W| |UTTSW_ Ya fUbfY`X YR ]gT SYafbaaYWR |WU ]gT _ `aaYVT f`aT h tW |`U ]gT lUWl TU]YTa W| ]gT
lWX`UYj`]YWR ]TRaWU h
yW fW_ T \`fn ]W ]gT lWX`UYj`]YWR ab_ k ^T ²RS k baYRZ ª hª³
∑
±
εµν± (kˆ) ε
µ′ν′∗
± (kˆ) =
∑
±
εµ±(kˆ) ε
ν
±(kˆ) ε
µ′∗
± (kˆ) ε
ν′∗
± (kˆ)
=
∑
±
εµ±(kˆ) ε
µ′∗
± (kˆ) ε
ν
±(kˆ) ε
ν′∗
± (kˆ)
Êª h³ §Ë
^gYfg Ya V`XYS YR `Rm fWWUSYR`]T ama]T_ h ygT TlUTaaYWR ª h³ § f`R \T |`f]WUYjTS YR
]gT |WU_
∑
±
εµ±(kˆ) ε
µ′∗
± (kˆ) ε
ν
±(kˆ) ε
ν′∗
± (kˆ) = P
(
Πµµ
′ · Πνν′
)
Êª h³}Ë
^gTUT
P
Ya `R `U\Y]U`Um |bRf]YWR `RS
Πµµ
′
:=
∑
±
εµ±(kˆ) ε
µ′∗
± (kˆ)
sT ²RS
∑
±
εµ±(kˆ) ε
ν
±(kˆ) ε
µ′∗
± (kˆ) ε
ν′∗
± (kˆ) =
1
2
{
Πµµ
′
Πνν
′
+Πµν
′
Πνµ
′ −ΠµνΠµ′ν′
}
Êª h³ªË
^gYfg Ya lUWVTR \m baYRZ ª hª´ k ]gba
P
(
Πµµ
′ · Πνν′
)
=
1
2
{
Πµµ
′
Πνν
′
+Πµν
′
Πνµ
′ −ΠµνΠµ′ν′
}
Êª h³³Ë
= : Pµνµ
′ν′
(0)
Êª h³«Ë
^gTUT ^T ^ YXX f`XX
Pµνµ
′ν′
(0)
]gT lWX`UYj`]YWR ab_ |bRf]YWR YR ]gT _ `aaXTaa f`aT h QR
 YRnW^ anY al`fT k ]gT ]TRaWU
Πµν
|WU ` _ `aaXTaa l`U]YfXT g`a ]W \ T fWRa]Ubf]TS Wb] W|
kµ
k
k˜µ
`RS
ηµν
`RS Ya ZYVTR `ffWUSYRZ ]W Ô³ ´Ö \m
§µ
∑
±
εµ±(kˆ) ε
µ′∗
± (kˆ) = Π
µµ′ =
k˜µkµ
′
+ kµk˜µ
′
kk˜
− ηµµ′ Êª h³µË
^gTUT
k˜µ = (ω, −~k) Ya W\]`YRTS |UW_ kµ \m ` al`fT UTÌTf]YWR h Q] Ya Y_lWU]`R] ]W
RW]T k ]g`] ]gT |WU_ ª h³µ W| ]gT
Π
e]TRaWU STlTRSa bRY
w
bTXm WR ]gT fWRSY]YWRa ª hª« e
ª hªÕ `RS ]gTm ]gT_ aTXVTa WR fWRSY]YWR ª h}« `RS WR fW_lXT]TRTaa `UZb_TR]a h QR ª h³ §k ^T
^TUT |WUfTS ]W SW ]gT UT`UU`RZT_TR] YR ]gYa ^`m \Tf`baT W| ª hªµ h ygTR k ]gT lWX`UYj`]YWR
ab_ |WU ]gT _ `aaXTaa ZU`VY]WR YR `Rm fWWUSYR`]T ama]T_ Ya ZYVTR \m
∑
±
εµν± (kˆ) ε
µ′ν′∗
± (kˆ) =
∑
±
εµ±(kˆ) ε
ν
±(kˆ) ε
µ′∗
± (kˆ) ε
ν′∗
± (kˆ) = P
µνµ′ν′
(0)
Êª h³ ´Ë
t
w
b`UYRZ ]gT _ `]UY TXT_ TR] M± `RS ab__ YRZ WVTU ]gT ]^W lgmaYf`X lWX`UYj`]YWRa
± \TfW_ Ta ]gTR k `ffWUSYRZ ]W ª hªª `RS ª h³ ´ k∑
±
|M±|2 = Pµνµ
′ν′
(0) MµνM∗µ′ν′
Êª h³±Ë
sT ^WbXS XYnT ]W T_lg`aYjT ]g`] k ab\

Tf] ]W ª h³¹ k ]gT lWX`UYj`]YWR ab_ |bRf]YWR
Pµνµ
′ν′
(0)
Ya RW] fWV`UY`R] gTRfT RW] ` ]UbT |WbU U`Rn ]TRaWU \b] f`R \T ^UY]]TR YR ]TU_ a
W|
kµ
k
k˜µ
`RS
ηµν
h
s ûú t þ   þ 
QR ]gT _ `aaYVT f`aT Ô}± k }ÕÖ k ]gT WRT l`U]YfXT × YX\ TU] al`fT k f`UUmYRZ ]gT bRY]`Umk YUe
UTSbfY\ XT UTlUTaTR]`]YWR W| ]gT lUWlTU qWUTR]j ZUWbl `a
D(1, 1) ⊕ D(0, 0) k Ya H(1) =
H(m0,2) ⊕ H(m0,0) Y hT h STafUY\ Ta ]^W l`U]YfXTa W| _ `aa m0 `RS alYR } `RS WRT W| alYR
¹ k UTal Tf]YVTXmh Q] ^ YXX \ T agW^R ]g`] YR ]gT _ `aaYVT f`aT k ]gT al YRe¹ l`U] ^ YXX \ TfW_ T
lgmaYf`X h
¦ u u v ­  w ½   ¬¬ ¢®  ¬¬ ¬
Q
ãRT _`m `an gW^ ]W T]TRS ]gT _ `aaXTaa ]gTWUm ]W ]gT _`aaYVT WRT Ô}± k }ÕÖ h ¨XT`UXmk `XX
²TXSa \TfW_T _ `aaYVT k a`]Ya|m YRZ ]gT _ `aaYVT x XT YRecWUSWR T
w
b`]YWR `RS ]gT WUS`Re
©`bXY SYa]UY\b]YWR W| _ `aa jTUW Ya T]TRSTS ]W ]gT WRT W| _ `aa
m0
h xb] ]gT _Wa]
Y_lWU]`R] YRZUTSYTR] YR ]gT fWR]T] W| f`ba`X lTU]bU\`]YWR ]gTWUm `RS lTU]bU\`]YVT
w
b`R]b_ Z`bZT YRV`UY`RfT Ya ]W nTTl ]gT Z`bZT fg`UZT
Q
RYXlW]TR] k YR WUSTU ]W baT
Y] |WU ST²RYRZ Hphys h ygT RYXlW]TRfm W| Q UTwbYUTa ` RT^ k _ `aaYVT \WaWRYf VTf]WU
ZgWa] ²TXS
vµ(x)
h ygYa Y_lXYTa k \m ]gT STUYV`]YWR W| ]gT lgmaYf`X ab\al`fT `ffWUSYRZ ]W
Hphys = Ker(Q)/Ran(Q) k ]g`] YR ]gT _ `aaYVT f`aT k ]gT alYRe¹ l`U] \TfW_ Ta lgmaYf`X h
ãRT fWb XS g`VT ST²RTS ]gT Z`bZT fg`UZT
Q
]W ZTRTU`]T ` Z`bZT ]U`Ra|WU_`]YWR ^gYfg
Y]aTX| XT`VTa ` Z`bZT fWRSY]YWR YRV`UY`R] h xb] ]gYa Ya ` fX`aaYf`X fWRfTl] `RS RW] UTXTV`R]
|WU WbU SYafbaaYWR h ygT |bRS`_ TR]`X lUYRfYlXT XYTa WR ]gT XTVTX W| ]gT lgmaYf`X × YX\ TU]
al`fT k ^gTUT ` a]`]T Ya ]U`Ra|WU_ TS YR]W `RW]gTU \m `
w
b`R]b_ Z`bZT ]U`Ra|WU_ `]YWR k
ZTRTU`]TS \m
Q
ÙÐV ` qWUTR]j ]U`Ra|WU_`]YWR h
ygTUT|WUT k ]gT |bRS`_ TR]`X |UTT `am_l]W]Yf ²TXSa YR ]gT _ `aaYVT f`aT `UT ]gT am_ e
_ T]UYf ]TRaWU ²TXS W| U`Rn ]^W
hµν(x)
^Y]g `U\Y]U`Um ]U`fT k ]gT |TU_ YWRYf VTf]WU ZgWa]
uµ(x)
`RS `R]YeVTf]WU ZgWa]
u˜µ(x)
k UTal Tf]YVTXm `RS ` \WaWRYf ZgWa]
vµ(x)
h ygTm `XX
a`]Ya|m ]gT _ `aaYVT x XTYRecWUSWR T
w
b`]YWR
§´
(2+m20)h
µν(x) = 0
(2+m20)u
µ(x) = 0
(2+m20) u˜
µ(x) = 0
(2+m20) v
µ(x) = 0
Êª h³ÕË
ygT WlTU`]WU Z`bZT ]U`Ra|WU_ `]YWR YR ]gT _`aaYVT f`aT Ya SYf]`]TS \m ]gT |WU_ W|
]gT _`aaYVT Z`bZT fg`UZT
Q
h Q] ]`nTa ]gT |WU_
Q =
∫
x0=t
d3x
[
hµν,ν (x) +m0 v
µ(x)
]←→
∂x0 uµ(x)
Êª h«¹Ë
^gTUT ]gT |TU_ YWRYf VTf]WU ZgWa] ²TXS
uµ(x)
_ba] \ T
w
b`R]YjTS `Z`YR `ffWUSYRZ ]W
ª h± ^ Y]g `R]YfW__b]`]WUa `RS ]gT \WaWRYf VTf]WU ZgWa]
vµ(x)
a`]Ya²Ta ]gT fW__b]`]YWR
UTX`]YWR
[vµ(x), vν(y)] =
i
2
ηµν Dm0(x− y)
YR WUSTU ]W UTRSTU ]gT _ `aaYVT Z`bZT fg`UZT
Q
RYXlW]TR] h
Dm0(x− y)
Ya ]gT WUS`Re
©`bXY SYa]UY\b]YWR |WU _ `aa
m0
h [ a YR ]gT _ `aaXTaa f`aT k ]gT Z`bZT V`UY`]YWR WR ]gT
]TRaWU ²TXS ]`nTa ]gT |WU_
dQ h
µν(x) =
[
Q, hµν(x)
]
= − i
2
(
uµ,ν + uν,µ − ηµνuσ,σ
)
(x)
:= −i bµναβuα,β
Êª h« §Ë
lUWVYSTS ]gT _ `aaYVT ]TRaWU ²TXS
hµν(x)
Ya
w
b`R]YjTS `a
[
hµν(x), hαβ(y)
]
= − i bµναβDµ(x − y) Êª h«}Ë
^gTUT ]gT
b
e]TRaWU Ya ZYVTR \m
bµναβ =
1
2
(
ηµαηνβ + ηµβηνα − ηµνηαβ)
ÝW^ k WRT g`a ]W \ T f`UT|b X ^ Y]g ]gT STfW_lWaY]YWR W| ]gT _ `aaYVT al YRe} ²TXS `RS
Y]a UTlUTaTR]`]YWR YR _W_TR]b_ al`fT h o YUa] k aYRfT ^T SW RTTS ` UTlUTaTR]`]YWR ^gTUT
]gT fUT`]YWR `RS `RRYgYX`]YWR WlTU`]WUa YRfXbST ]gT ]U`fT STZUTTa W| |UTTSW_ k ^T _ba]
²Ua] agW^ ]g`] abfg ` UTlUTaTR]`]YWR T Ya]a h ygYa UTlUTaTR]`]YWR ]gTR fWbXS \ T UTX`]TS
]W ]gT ²TXS STfW_lWaY]YWR ª h§§h obU]gTU_WUT k ^T RTTS ]W STUYVT ]^W UTlUTaTR]`]YWRa |WU
]gT _ `aaYVT ]TRaWU ²TXS
hµν(x)
k WRT YR ^gYfg `XX _ `aaYVT STZUTTa W| |UTTSW_ `UT YRfXbSTS
Ê|WU ]gT ZTRTU`X fWR]U`f]YWR YR ]gT _ `]UY TXT_ TR]Ë `RS WRT k ^gYfg l`U`_ T]TUYjTa ]gT
_ `aaYVT lgmaYf`X STZUTTa W| |UTTSW_ h ygT X`]]TU Ya RTfTaa`Um ]W ST²RT ]gT ²R`X a]`]T W|
]gT _`aaYVT xUT_ aa]U`gX ZU`VY]WR h
ygT UTlUTaTR]`]YWR W| ]gT _`aaYVT ²TXS WlTU`]WU
hµν(x)
^gYfg fUT`]T `RS `RRYgYX`]T
\W]g k ]gT ]U`fTXTaa `RS ]gT ]U`fT STZUTTa W| |UTTSW_ k Ya ZYVTR \m
hµν(x) = (2pi)−
3
2
∫
d3k√
2Ek
(
aµν(~k) e
−ikx + ηµµηννa†µν(~k) e
ikx
)
Êª h«ªË
§±
^gTUT ]gT
aµν(~k)
k
a†µν(~k)
a`]Ya|m ]gT fW__b]`]YWR UTX`]YWR
ηµµηνν
[
aµν(~k), a
†
αβ(
~k′)
]
= bµναβ δ(~k − ~k′) Êª h«³Ë
ygYa UTlUTaTR]`]YWR Ya fWRaYa]TR] ^ Y]g ª h«} `RS Y]a ²TXS STfW_lWaY]YWR YR oWfn al`fT
F `ffWUSYRZ ]W D(1,1) ⊕ D(0,0) k ]gT bRY]`Umk YUUTSbfY\XT UTlUTaTR]`]YWRa W| ]gT qWUTR]j
ZUWbl f`UUYTa ]gT a`_ T a]Ubf]bUT `a ª h§§k gTRfT
hµν(x) = Hµν(x) +
1
4
ηµνh(x)
Êª h««Ë
^ Y]g ]gT WRXm SYvTUTRfT ]g`] ]gT ²TXSa YR
w
bTa]YWR `UT `XX _ `aaYVT h ygTUT|WUT ^T _`m
ab__`UYjT `a |WXXW^ a å ygT ²TXS WlTU`]WU
hµν(x)
YRfXbST ]gT fUT`]YWR `RS `RRYgYX`]YWR
WlTU`]WUa |WU \W]g k ]gT ]U`fTXTaa `RS ]gT ]U`fT STZUTTa W| |UTTSW_ ^gTUT`a ]gT ²TXS
WlTU`]WU
Hµν(x)
`RS
h(x)
fUT`]T `RS `RRYg YX`]T WRXm ]gT ]U`fTXTaa `RS ]gT ]U`fT STZUTTa
W| |UTTSW_ k UTal Tf]YVTXmh ygTUT|WUT k ]gT ²TXS STfW_lWaY]YWR ª h«« f`R \T baTS YR \W]g k
]gT _`aaXTaa `RS ]gT _ `aaYVT f`aT h
QR WUSTU ]W ST²RT ]gT ²R`X a]`]T k ^T g`VT ]W STUYVT ` UTlUTaTR]`]YWR |WU
hµν(x)
^gYfg
f`UUYTa `R TlXYfY] W\

Tf] k UTlUTaTR]YRZ ]gT lWX`UYj`]YWR W| ]gT _`aaYVT ZU`VY]WR h oWU ]gYa k
fWRaYSTU ]gT WlTU`]WU
Ψ =
∫
d4x fµν(x) hµν(x)
Êª h«µË
^gTUT ]gT ab_ WVTU ]gT YRSYfTa
µν
Ya ` ]UbT  YRnW^ anY af`X`U lUWSbf] ^ Y]g UTal Tf]
]W ]gT _ T]UYf
ηµν
`RS
fµν(x)
ﬁ Ya ` ^`VT |bRf]YWR k am__T]UYf YR ]gT YRSYfTa
µν
`RS RW]
RTfTaa`UYXm ]U`fTXTaa `Rm_WUT h Q]a oWbUYTU ]U`Ra|WU_ ^ Y]g abllWU] WR ]gT _ `aa agTXX Ya
ZYVTR \m
fˆµν(−k) = (2pi)−2
∫
d4x fµν(x) e−ikx
fˆµν(k) = (2pi)−2
∫
d4x fµν(x) eikx
Êª h«´Ë
ygTR baYRZ ª h«ª k ]gT Wl TU`]WU \TfW_Ta
Ψ =
∫
d4x fµν(x)hµν(x)
= (2pi)−
3
2
∫
d4x
∫
d3k√
2Ek
fµν(x)
[
aµν(~k) e
−ikx + ηµµηνν a†µν(~k) e
ikx
]
=
√
2pi
∫
d3k√
2Ek
[
fˆµν(−k) aµν(~k) + ηµµηνν fˆµν(k) a†µν(~k)
]
=
√
2pi
∫
d3k√
2Ek
[
fˆλλ′(−k) aλλ′(~k) + ηλληλ
′λ′ fˆλλ′(k) a
†
λλ′(
~k)
]
Êª h«±Ë
^gTUT ^T ^UY]T ]gT YRSYfTa SW^Ra]`YUa YRSYf`]YRZ ]g`] ]gT ab_ Ya RW] `  YRnW^ anY
af`X`U lUWSbf] aYRfT ]gTm `UT RW] ]UbT fWV`UY`R] WU fWR]U`V`UY`R] YRSYfTa h ygT YRSYfTa
λλ′
ﬂ7
+ A A - ,- 2)&=-+"&,
fµν ∈ S(R4)
> - :=;%#-O ,@%= "2 - 3@ # $ $+,-#+.)-+"&, A
§Õ
`UT YR]UWSbfTS gTUT k ]gTm ^ YXX \ TfW_ T ]gT YRSYfTa l`U`_ T]TUYjYRZ ]gT lgmaYf`X STZUTTa
W| |UTTSW_ W| ]gT _`aaYVT ZU`VY]WR h ÝW^ ST²RT Ôª¹Ö
a′λλ′ (~k) := aµν(~k) fˆµν λλ′ (−k)
fˆµν(−k) := fˆµνλλ′(−k) fˆλλ
′
(−k)
Êª h«ÕË
^gTUT
fˆµνλλ′
^YXX l X`m ]gT `R`XWZWR W| ]gT lWX`UYj`]YWR ]TR aWU
εµν±
YR ]gT _ `aaXTaa
f`aT h ygTR Y] |WXXW^ a ]g`]
fˆλλ
′
(−k) = fˆλλ′µν (−k) fˆµν(−k)
Êª hµ¹Ë
`RS ]gT WlTU`]WU \TfW_Ta
Ψ =
√
2pi
∫
d3k√
2Ek
[
fˆµν(−k) fˆµνλλ′(−k) aλλ′(~k) + ηλληλ
′λ′ fˆµν(k) fˆ
µν
λλ′ (k) a
†
λλ′(
~k)
]
Êª hµ §Ë
tb\a]Y]b]YRZ ]gT oWbUYTU ]U`Ra|WU_ \`fn k ^T ²RS |WU ]gT ²TXS WlTU`]WU
hµν(x)
hµν(x) = (2pi)−
3
2
∫
d3k√
2Ek
[
fˆµνλλ′(−k) aλλ′(~k) e−ikx + ηλληλ
′λ′ fˆµνλλ′(k) a
†
λλ′ (
~k) eikx
]
Êª hµ}Ë
ygYa _W_TR]b_ al`fT UTlUTaTR]`]YWR Ya fWRaYa]TR] ^ Y]g ]gT fW__b]`]YWR UTX`]YWR
ª h«} h QR `SSY]YWR ]W ª hµ} k ^T RTTS ` UTlUTaTR]`]YWR W|
hµν(x)
^gYfg Ya _ `RY|Ta] YR ]gT
lWX`UYj`]YWR YRSYfTa
λλ′
h yW SW ]gYa k ^T ST²RT YRa]T`S W| ª h«Õ
a′µν(~k) := fˆµν λλ′(−k) aλλ′(~k)
fˆλλ
′
(−k) := fˆλλ′µν (−k) fˆµν(−k)
Êª hµªË
`RS ²RS |WU ]gT ²TXS WlTU`]WU
hλλ′(x) = (2pi)
− 32
∫
d3k√
2Ek
[
fˆµν λλ′(−k) aµν(~k) e−ikx + ηµµηνν fˆµν λλ′(k) a†µν(~k) eikx
]
Êª hµ³Ë
^gTUT `Z`YR ª h«} Ya a`]Ya²TS h oWU ]gT a`nT W| fW_lXT]TRTaa k ]gT UTlUTaTR]`]YWR W| ]gT
VTf]WU ZgWa] ²TXSa `UT
uµ(x) = (2pi)−
3
2
∫
d3k√
2Ek
(
cµ2 (
~k) e−ikx − ηµµcµ†1 (~k) eikx
)
u˜µ(x) = (2pi)−
3
2
∫
d3k√
2Ek
(
− cµ1 (~k) e−ikx − ηµµcµ†2 (~k) eikx
)
vµ(x) = (2pi)−
3
2
∫
d3k
2
√
Ek
(
bµ(~k) e−ikx − ηµµbµ†(~k) eikx
)
Êª hµ«Ë
}¹
^gTUT ]gT fUT`]YWR `RS `RRYgYX`]YWR WlTU`]WUa a`]Ya|m ]gT |WXXW^ YRZ fW__b]`]YWR
UTX`]YWRa
{
cµj (
~k), cν†l (~k′)
}
= δjl δ
µ
ν δ
3(~k − ~k′)[
bµ(~k), bν†(~k′)
]
= δµν δ
3(~k − ~k′)
Êª hµµË
ygT Z`bZT V`UY`]YWR |WU ]gT |bRS`_ TR]`X ²TXSa YR ]gT _ `aaYVT f`aT ]`nT k `ffWUSYRZ
]W ª h«¹ `RS ª h« §k ]gT |WU_
dQ h
µν = − i
2
(
uµ,ν + uν,µ − ηµνuσ,σ
)
dQ h = iu
σ
,σ
dQ u˜
µ = i
(
hµν,ν −m0 vµ
)
dQ u
µ = 0
dQ v
µ = − im0
2
uµ
Êª hµ´Ë
^gTUT `Z`YR
h = ηµνh
µν h
¦ u u   ¡ ¬ ¢ ¢® ¢  ¢ ® ­ ¬­
ygT lgmaYf`X STZUTTa W| |UTTSW_ W| ]gT |UTT k _ `aaYVT ZU`VY]WR `UT `Z`YR STUYVTS TY]gTU
YR _W_TR]b_ eal`fT ^ Y]g ]gT ST²RY]YWR W| ]gT lgmaYf`X × YX\TU] al`fT \m ]gT nTURTX W|
{Q,Q†} WU YR eal`fT k ^gTUT ]gT ST²RY]YWR W| ]gT lgmaYf`X × YX\ TU] al`fT \m Hphys =
Ker(Q)/Ran(Q)
Ya baTS h
¯ ­
sT nRW^ |UW_ ]gT lUTVYWba aTf]YWR ]g`] ]gT ²TXSa YR ]gT _ `aaYVT f`aT f`R \T UTlUTaTR]TS
YR _W_TR]b_ al`fT YR ]gT a`_ T ^`m `a YR ]gT _ `aaXTaa f`aT h ygT WRXm SYvTUTRfT XYTa YR
]gT |`f] ]g`] ]gTm a`]Ya|m ]gT _`aaYVT x XT YRecWUSWR T
w
b`]YWR YRa]T`S W| ]gT _ `aaXTaa WRT
`RS ]gT ²TXSa `UT
w
b`R]YjTS ^ Y]g ]gT _ `aaYVT ©`bXYeWUS`R SYa]UY\b]YWR h tYRfT ^T ^`R] ]W
fW_l`UT ]gT UTabX] W| ]gT |W XXW^ YRZ STUYV`]YWR ^ Y]g ]gT _ `aaXTaa f`aT W| aTf]YWR ª h§h} k ^T
^ YXX baT ]gT STfW_lWaY]YWR W|
hµν(x)
`ffWUSYRZ ]W ª h«« `a
hµν(x) = Hµν(x) + 14η
µνh(x)
]UT`]YRZ ]gT ]U`fTXTaa `RS ]gT ]U`fT l`U] W|
hµν(x)
aTl`U`]TXmh ãRT fUbfY`X `SV`R]`ZT
W| ]gT STUYV`]YWR YR leal`fT Ya ]gT fXT`U fWR]UWX WVTU ]gT TlUTaaYWRa lUWlWU]YWR`X ]W ]gT
ZU`VY]WR _ `aa
m0
k aYRfT bl ]W RW^ k _ `aaYVT ZU`VY]m `a ]gT alYRe}
w
b`R]b_ Z`bZT ]gTWUm
`UYaT a_ WW]gXm Wb] W| ]gT _ `aaXTaa WRT WU VYfT VTUa` h
sT a]`U] ^ Y]g ]gT ST²RY]YWR W| ]gT lgmaYf`X × YX\ TU] al`fT \m Fphys = Ker{Q, Q†}
`RS f`XfbX`]T ]gT fW__b]`]WU {Q, Q†} YR _W_TR]b_ al`fT h [ffWUSYRZ ]W ª h«¹ k ]gT
_ `aaYVT Z`bZT fg`UZT Ya ZYVTR \m
Q =
∫
x0=t
d3x
[
hµν,ν (x) +m0 v
µ(x)
]←→
∂x0 uµ(x)
sgTR ab\a]Y]b]YRZ ]gT UTlUTaTR]`]YWR W| ]gT ²TXSa `ffWUSYRZ ]W ª hµ« k ª h§} `RS ª h§³
YR]W ]gT ST²RY]YWR W|
Q
k ^T _ba] \ T f`UT|b X YR ^UY]YRZ ]gT qWUTR]j YRSYfTa W|
kµ
fWUUTf]Xmh
} §
ygTaT `UT ]UbT fWV`UY`R] WU fWR]U`V`UY`R] YRSYfTa ^ Y]g UTalTf] ]W ]gT  YRnW^ anY _ T]UYf
ηµν
^gYXT ]gT YRSYfTa W| ]gT fUT`]YWR `RS `RRYgYX`]YWR WlTU`]WUa `UT RW] h sT ^ YXX ^ UY]T
]gT X`]]TU `X^`ma bla]`YUa YR ^g`] |W XXW^ a h ygTR k ]gT Z`bZT fg`UZT
Q
f`R \T ^UY]]TR YR
_W_TR]b_ al`fT `a |WXXW^ a
Q =
∫
d3k
(
Aα †(~k) cγ2 (~k)−Bα(~k) cγ †1 (~k)
)
ηγα
Êª hµ±Ë
^gTUT
Aα = ηααAαβkβ − 1
4
kα d− im1 ηααbα
Bα =
(
Aαβkβ +
1
4
kα d+ im1 b
α
)
ηαα
Êª hµÕË
ygT `S

WYR] Ya ZYVTR \m
Q† =
∫
d3k
(
cδ †2 (~k)A
β(~k)− cδ1(~k)Bβ †(~k)
)
ηδβ
Êª h´¹Ë
^gTUT
m1 =
m0√
2
Êª h´ §Ë
s Y]g ]gT gTXl W|
{
ab, c
}
= a
{
b, c
}− [a, c]b
`RS
{
b†1f1, f
†
2b2
}
= b†1b2
{
f1, f
†
2
}
+ f †2f1
[
b2, b
†
1
]
^gTUT
b
k
f
Ya ` \WaTe |TU_ YeWl TU`]WU k UTal Tf]YVTXmk ]gT `R]YfW__b]`]WU {Q, Q†}
\TfW_ Ta
{
Q,Q†
}
=
∫
d3k d3k′
{
Aα †(~k)Aβ(~k′)
{
cγ2 (
~k), cδ †2 (~k′)
}
+ cδ †2 (~k′)c
γ
2 (
~k)
[
Aβ(~k′), Aα †(~k)
]
+Bβ †(~k′)Bα(~k)
{
cδ1(
~k′), cγ †1 (~k)
}
+ cγ †1 (~k)c
δ
1(
~k′)
[
Bα(~k), Bβ †(~k′)
]}
ηγαηδβ
Êª h´}Ë
iV`Xb`]YRZ ]gT `R]YfW__b]`]YWR UTX`]YWRa |WU ]gT |TU_ YWRYf VTf]WU ZgWa] fUT`]YWR `RS
`RRYg YX`]YWR WlTU`]WUa `RS alXY]]YRZ Wv ]gT UTXTV`R] ZU`VY]WR aTf]WU k ^T W\]`YR
{
Q,Q†
}⌉
graviton
=
∫
d3k
3∑
α=0
(
Aα †Aα +Bα †Bα
)
Êª h´ªË
}}
QR WUSTU ]W l TU|WU_ ]gT ab_ YR ª h´ª k ^T `UT |WUfTS ]W SYVYST ]gT TlUTaaYWR |WU
Aα
`RS
Bα
k ab\

Tf] ]W ª hµÕ k YR]W ]Y_ TXYnTe
(00)
`RS al`fTXYnTe
(ij)
YRSYfTa h ygTm `UT
A0 = k0
(
A00 −A0|| −
1
4
d− im1
k0
b0
)
Aj = k0
(
−Aj0 +Aj|| −
kj
4k0
d+
im1
k0
bj
)
B0 = k0
(
A00 +A0|| +
1
4
d+
im1
k0
b0
)
Bj = k0
(
−Aj0 −Aj|| −
kj
4k0
d− im1
k0
bj
)
Êª h´³Ë
^gTUT ]gT `\\UTVY`]YWR |WU ]gT XWRZY]bSYR`X _ WSTa
Aµ|| =
ki
k0
Aµi
Ya baTS h [a ` aYST
UT_ `Un k RW]T k `a ^T a]`U]TS ^ Y]g `R TlUTaaYWR ^gYfg Ya a_ WW]g YR ]gT XY_ Y] W| jTUW
ZU`VY]WR _ `aa
m0
k ^T _ `m UT`XYjT YR ]gT |W XXW^ YRZ TlUTaaYWRa ]gT a`_ T a_WW]g XY_ Y] h
tYRfT ]gT bRlgmaYf`X a]`]Ta W\VYWbaXm STl TRS WR
k
k XT] b a fgWWaT k YR `R`XWZm ]W ]gT
_ `aaXTaa f`aT k ` ama]T_ YR ^gYfg ]gT lUWl`Z`]YWR SYUTf]YWR Ya `XWRZ ]gT ªe` Ya Y hT h
kµ =
(ω, 0, 0, k3)
h ygTR k ab\a]Y]b]YRZ ª h´³ \`fn YR]W ª h´ª k ^T ²RS
3∑
α=0
(
Aα †Aα +Bα †Bα
)
= 2ω2
{
A00 †A00 +
k23
ω2
A03 †A03
+A01 †A01 +A02 †A02 +A03 †A03
+
k23
ω2
[
A13 †A13 +A23 †A23 +A33 †A33
]
+
1
16
(1 +
k23
ω2
) d†d+
im1
4ω
d†b0 − im1
4ω
b0 †d
+
im1k3
ω2
A03 †b0 − im1k3
ω2
b0 †A03
+
im1k3
ω2
[
A13 †b1 +A23 †b2 + A33 †b3
− b1 †A13 − b2 †A23 − b3 †A33
]
+
m21
ω2
[
b0 †b0 +
3∑
j=1
bj †bj
]}
Êª h´«Ë
ygT l`U]YfXT Rb_\TU WlTU`]WUa
A01 †A01
`RS
A02 †A02
`UT SY`ZWR`X ^ Y]g TYZTRV`XbTa
+1
k UTlUTaTR]YRZ ]^W bRlgmaYf`X a]`]Ta
A01 †Ω
`RS
A02 †Ω
h [ XUT`Sm `] ]gYa a]`ZT W| ]gT
STUYV`]YWR k ^T _`m UTfWZR YjT ]g`] ]gT l`U]YfXT Rb_\TU WlTU`]WU
A12 †A12 ∈ Ker{Q, Q†}
Ya lgmaYf`X aYRfT Y]a TYZTRV`XbT V`RYagTa h QR ª h´« k ]gTUT `UT §³ |UTT l`U`_ T]TUa ]g`] ^ YXX \ T
SYVYSTS YR]W lgmaYf`X `RS bRlgmaYf`X WRTa h tYRfT ^T baTS ]gT fUT`]YWR `RS `RRYgYX`]YWR
WlTU`]WUa |WU ]gT ]U`fTXTaa ]TRaWU ²TXS
Hµν(x)
k ^T g`VT ]W ]U`Ra|WU_ k `ffWUSYRZ ]W ª h§´ k
]gT SY`ZWR`X l`U]a W|
Aµν
]W
A˜µν
k aYRfT WRXm ]gT
A˜µν
WlTU`]WUa fUT`]T ]gT SY`ZWR`X oWfn
al`fT Ô±Ö h ygTR k aYRfT ª h´« Ya `
w
b`SU`]Yf |WU_ YR ]gT l`U]YfXT Rb_\TU WlTU`]WUa k ^T f`R
^UY]T Y] YR _ `]UY |WU_ `a
}ª
3∑
α=0
(
Aα †Aα +Bα †Bα
)
= ~A†X ~A
Êª h´µË
^ Y]g
~A† =
(
A˜†11, A˜
†
22, A˜
†
33,
√
2A†01,
√
2A†02,
√
2A†03,
√
2A†13,
√
2A†23, 1/2d
†, b†0, b
†
1, b
†
2, b
†
3
)
Êª h´´Ë
UT|TUUTS ]W a]`RS`US \`aYa
ei = (0, . . . , 1︸︷︷︸
i′th slot
, . . . , 0)
h [ffWUSYRZ ]W ª h´« k
X
Ya ` §ª §ª
gTU_ Y]Y`R _`]UY W| ]gT |WU_
X =


z z m21 0 0 0 0
z z m21 0 0 0 0
m21 m
2
1 z 0 0 0 0
0 0 0 ω2 0 0 0
0 0 0 0 ω2 0 0
0 0 0 0 0 2z 0
0 0 0 0 0 0 k23
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 −√2im1k3 0
0 0 0 0 0 0 −√2im1k3
0 0 0 0 0 0 0
−im1k3 −im1k3 im1k3 0 0 0 0
0 0 0 0 0 im1k3
0 0 0 0 0 im1k3
0 0 0 0 0 −im1k3
0 0 0 0 0 0
0 0 0 0 0 0
0 0
√
2im1k3 0 0 0
0 0 0
√
2im1k3 0 0
k23 0 0 0
√
2im1k3 0
0 z im1ω 0 0 0
0 −im1ω 2m21 0 0 0
0 0 0 2m21 0 0
−√2im1k3 0 0 0 2m21 0
0 0 0 0 0 2m21


Êª h´±Ë
^gTUT
z =
1
2
(ω2 + k23)
Êª h´ÕË
tYRfT ]gT SYvTUTR] fUT`]YWR `RS `RRYgYX`]YWR WlTU`]WUa YR ª h´« _ Y `_WRZ T`fg W]gTU k ^T
g`VT ]W SY`ZWR`XYjT ]gT gTU_ Y]Y`R k
w
b`SU`]Yf |WU_ ~A†X ~A
YR WUSTU ]W YSTR]Y|m ]gT lbUT
}³
l`U]YfXT Rb_\TU WlTU`]WUa ^ Y]g V`RYagYRZ TYZTRV`XbTa h ygYa _ T`Ra k ]g`] ^T `UT XWWnYRZ
|WU ` ]U`Ra|WU_`]YWR W| ]gT a]`RS`US \`aYa YR]W ]gT TYZTR\`aYa YR ^gYfg ]gT _ `]UY
X
Ya
SY`ZWR`X Y hT h
C−1XC = D = diag(λ1, . . . , λ13)
^gTUT
λj
`UT ]gT TYZTRV`XbTa W|
X
`RS
]gT
w
b`SU`]Yf |WU_ \TfW_ Ta ~d†D~d
h ãRT ²RSa ]gT ]U`Ra|WU_ `]YWR lUWlTU]YTa
~A = C ~d
~A† =
(
C−1† ~d
)†
~d = C−1 ~A
Êª h±¹Ë
^gTUT`a ]gT TYZTRV`XbTa ]`nT ]gT |WU_
λ1 = λ2 = λ3 = λ4 = λ5 = 0
λ6 = λ7 = λ8 = λ9 = λ10 = λ11 = ω
2 = 2m21 + k
2
3
λ12 = λ13 = 3m
2
1 + 2k
2
3
Êª h± §Ë
ãRT UTfWZRYjTa ]g`] ]gTUT `UT ²VT TYZTRV`XbTa T
w
b`Xa ]W jTUW k lXba ]gT WRT |UW_
]gT l`U]YfXT Rb_\TU WlTU`]WU
A†12A12 ∈ Ker{Q,Q†}
YR ª h´« ab__ YRZ bl ]W aY k ^gYfg
_ T`Ra ]g`] ]gTUT `UT aY l`U]YfXT Rb_\TU WlTU`]WUa
d†ada ∈ Ker{Q,Q†}
k
a = 1, . . . , 6
YRSbfYRZ ]gT aY lgmaYf`X a]`]Ta h tYRfT ]gT
w
b`SU`]Yf |WU_ ~A†X ~A
Ya gTU_ Y]Y`R k ]gT \`aYa
]U`Ra|WU_ `]YWR |UW_ ]gT a]`RS`US \`aYa YR]W ]gT TYZTR\`aYa Ya bRY]`Um `aabUYRZ ]g`] ]gT
fUT`]YWR WlTU`]WUa YR ]gT TYZTR\`aYa
d†a
fWRa]Ubf] ]gT oWfn al`fT YR ]gT bab`X ^`mh
[a ` aYST UT_ `Un k ]gT |T`]bUTa W| ]gT `R]YfW__b]`]WU {Q,Q†} `XXW^ |WU ]gT YSTR]Y² e
f`]YWR `a ` fWR]U`f]YRZ gW_W]Wlm 
E
Λ
^Y]g UTal Tf] ]W
Q
k aYRfT ]gT RYXl W]TR] WlTU`]WU
Q
`f]a `a ` WSS STUYV`]YWR Y hT h
dQ . = {Q, . } h
¡ 
xm SY`ZWR`XYjYRZ ]gT _ `]UY
X
YR ]gT |U`_ T
kµ = (ω, 0, 0, k3)
k ^T _ `m YSTR]Y|m Wb] W|
]gT aY l`U]YfXT Rb_\TU WlTU`]WUa
d†ada ∈ Ker{Q,Q†}
]gT aY _ `aaYVT lgmaYf`X a]`]Ta h
ygTm `UT Wb]XYRTS `a |bRf]YWRa W|
(m1, k3)
^gTUT`a ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa `RS
jTUW ]gUTTe_ W_TR]b_ Ya YRSYf`]TS h ygT g`] WR ]gT ab\afUY\] YRSYf`]Ta ]g`] ]gT a]`]Ta
`UT RWU_ `XYjTS ]W WRT h
ψ1ˆ :
ygT ²Ua] lgmaYf`X a]`]T
ψ1ˆ
WUYZYR`]Ta Wb] W| ]gT
w
b`SU`]Yf |WU_ ª h´« ^gTUT ]gT
l`U]YfXT Rb_\TU WlTU`]WU
A†12A12 ∈ Ker{Q,Q†}
f`UUYTa ]gT TYZTRV`XbT jTUW k ]gba
⇒ ψ1ˆ = c1A†12(~k)Ω
c1 =
√
2
Êª h±}Ë
lim
m1↘ 0
ψ1ˆ =
√
2A†12(~k)Ω
lim
k3↘ 0
ψ1ˆ =
√
2A†12(~k)Ω
ﬂH
 A  && %)M >
L
A ﬃ +- *."+3  Łgf fg 

h Łh i i A (#+&= -"& &+5 #,+-6 (# ,, > (#+&= -"&
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}«
ψ2ˆ :
ygT aTfWRS lgmaYf`X a]`]T
ψ2ˆ
WUYZ YR`]Ta |UW_ ]gT l`U]YfXT Rb_\TU WlTU`]WU
λ1d
†
1d1 ∈
Ker{Q,Q†} ^Y]g TYZTRV`XbT λ1 = 0 `RS ]`nTa ]gT |WU_
⇒ ψ2ˆ(m1, k3) = c2
( im1
k3
(
A˜11 − A˜33
)
+ b3
)†
(~k)Ω
c2 =
(
1 +
2m21
k23
)− 12 Êª h±ªË
lim
m1↘ 0
ψ2ˆ(m1, k3) = b
†
3(
~k)Ω
lim
k3↘ 0
ψ2ˆ(m1, k3) =
1√
2
(
A˜11 − A˜33
)†
(~k)Ω
ψ3ˆ :
ygT ]gYUS lgmaYf`X a]`]T
ψ3ˆ
WUYZ YR`]Ta |UW_ ]gT l`U]YfXT Rb_\TU WlTU`]WU
λ2d
†
2d2 ∈
Ker{Q,Q†} ^Y]g TYZTRV`XbT λ2 = 0 `RS ]`nTa ]gT |WU_
⇒ ψ3ˆ(m1, k3) = c3
(2im1
k3
A23 + b2
)†
(~k)Ω
c3 =
(
1 +
2m21
k23
)− 12 Êª h±³Ë
lim
m1↘ 0
ψ3ˆ(m1, k3) = b
†
2(
~k)Ω
lim
k3↘ 0
ψ3ˆ(m1, k3) =
√
2A†23(~k)Ω
ψ4ˆ :
ygT |WbU]g lgmaYf`X a]`]T
ψ4ˆ
WUYZYR`]Ta |UW_ ]gT l`U]YfXT Rb_\TU WlTU`]WU
λ3d
†
3d3 ∈
Ker{Q,Q†} ^Y]g TYZTRV`XbT λ3 = 0 `RS ]`nTa ]gT |WU_
⇒ ψ4ˆ(m1, k3) = c4
(2im1
k3
A13 + b1
)†
(~k)Ω
c4 =
(
1 +
2m21
k23
)− 12 Êª h±«Ë
lim
m1↘ 0
ψ4ˆ(m1, k3) = b
†
1(
~k)Ω
lim
k3↘ 0
ψ4ˆ(m1, k3) =
√
2A†13(~k)Ω
ψ5ˆ :
ygT ²|]g lgmaYf`X a]`]T
ψ5ˆ
WUYZYR`]Ta |UW_ ]gT l`U]YfXT Rb_\TU WlTU`]WU
λ4d
†
4d4 ∈
Ker{Q,Q†} ^Y]g TYZTRV`XbT λ4 = 0 `RS ]`nTa ]gT |WU_
}µ
⇒ ψ5ˆ(m1, k3) = c5
( im1
2(m21 + k
2
3)
(
2k3A03 +
√
2m21 + k
2
3 d
)
+ b0
)†
(~k)Ω
c5 =
(
1 +m21
3k23 + 4m
2
1
2(m21 + k
2
3)
2
)− 12 Êª h±µË
lim
m1↘ 0
ψ5ˆ(m1, k3) = b
†
0(
~k)Ω
lim
k3↘ 0
ψ5ˆ(m1, k3) =
1√
3
( i√
2
d+ b0
)†
(~k)Ω
ψ6ˆ :
ygT aY]g lgmaYf`X a]`]T
ψ6ˆ
WUYZYR`]Ta |UW_ ]gT l`U]YfXT Rb_\TU WlTU`]WU
λ5d
†
5d5 ∈
Ker{Q,Q†} ^Y]g TYZTRV`XbT λ5 = 0 `RS ]`nTa ]gT |WU_
⇒ ψ6ˆ(m1, k3) = c6
(
A˜11 − A˜22
)†
(~k)Ω
c6 =
1√
2
Êª h±´Ë
lim
m1↘ 0
ψ6ˆ(m1, k3) =
1√
2
(
A˜11 − A˜22
)†
(~k)Ω
lim
k3↘ 0
ψ6ˆ(m1, k3) =
1√
2
(
A˜11 − A˜22
)†
(~k)Ω
QR aW_ T aTRaT k ]gT XY_ Y]
k3
]W jTUW f`R \T fW_l`UTS ^ Y]g ]gT eal`fT STUYV`]YWR
^gTUT ^T ^ YXX TlXYfY] Xm fWRa]Ubf] ]gT \`aYa lWX`UYj`]YWR ]TRaWU YR ]gT UTa] |U`_T
kµ =
(m0, 0, 0, 0)
h ×W^TVTU WRT _ba] \T `^`UT W| ]gT SYvTUTRfT YR ]gT ST²RY]YWR W| ]gT lgmaYf`X
ab\al`fT h Q] Ya ^WU]g _ TR]YWR YRZ WRT _WUT Y_lWU]`R] lWYR] h QR ]gT lgmaYf`X a]`]Ta
ψi
STUYVTS `\WVT k ]gTUT Ya `X^`ma `R `S_ Y]bUT W| ZgWa] fUT`]YWR WlTU`]WUa
b†δ
h Q] g`a ]W
\ T agW^R YR ]gT |WXXW^ YRZ aTf]YWRa ]g`] TY]gTU ]gTm |`YX ]W fWblXT ]W ]gT ²TXSa YRVWXVTS
YR ]gT xUT_ aa]U`gX lUW fTaa WU ]gT fWR]UY\b]YWRa W| SY`ZU`_ a ^gTUT ]gT \WaWRYf VTf]WU
ZgWa]
vµ(x)
fWblXTa ]W ]gT _ `aaYVT alYRe} ²TXS
hµν(x)
f`R \T RTZXTf]TS h
QR `R`XWZm ]W ]gT _ `aaXTaa f`aT k ^T _ `m ^UY]T ]gT aY _ `aaYVT lgmaYf`X a]`]Ta `a ` aYe
]blXT k UTlUTaTR]YRZ ]gT aY _ `aaYVT STZUTTa W| |UTTSW_ ^gTUT ]gT SY`ZWR`X `RRYgYX`]YWR
WlTU`]WUa
A˜µν
`UT `XUT`Sm ]U`Ra|WU_ TS \`fn ]W ]gT UTZbX`U WRTa
Aµν
Y hT h
}´
~ψ (m1, k3) =


ψ1ˆ
ψ2ˆ
ψ3ˆ
ψ4ˆ
ψ5ˆ
ψ6ˆ


(m1, k3) =


c1A
†
12
c2
(
im1
k3
(
A33 −A11
)
+ b3
)†
c3
(
2im1
k3
A23 + b2
)†
c4
(
2im1
k3
A13 + b1
)†
c5
(
im1
2(m21+k
2
3)
(
2k3A03 +
√
2m21 + k
2
3 d
)
+ b0
)†
c6
(
A22 −A11
)†


(~k)Ω
Êª h±±Ë
Q] Ya YR]TUTa]YRZ ]W Wb]XYRT ]gT jTUW _`aa XY_ Y] W| ª h±± h Q] ]`nTa ]gT |WU_
lim
m1↘ 0
~ψ (m1, k3) = lim
m1↘ 0


ψ1ˆ
ψ2ˆ
ψ3ˆ
ψ4ˆ
ψ5ˆ
ψ6ˆ


(m1, k3) =


√
2A†12
b†3
b†2
b†1
b†0
1√
2
(
A22 −A11
)†


(~k)Ω
Êª h±ÕË
ygT fUbfY`X l WYR] YR ]g Ya STUYV`]YWR Ya ]g`] YR ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa k ]gT
_ `aaYVT lgmaYf`X STZUTTa W| |UTTSW_ ZW WVTU a_WW]g Xm YR]W ]gT ]^W _ `aaXTaa WRTa `RS
|WbU fW_lXT]TXm STfWblXTS VTf]WU ZgWa] STZUTTa W| |UTTSW_ h sT _`m UTfWZRYjT `XUT`Sm
`] ]gYa a]`ZT k ]g`] k Y| ]gT \WaWRYf VTf]WU ZgWa] SWTa RW] fWblXT ]W _ `]]TU k ]gTUT ^ YXX \ T
` a_WW]g XY_ Y] \ T]^TTR ]gT _ `aaYVT `RS ]gT _ `aaXTaa xUT_ aa]U`gX _ `]UY TXT_ TR] h
{
¯ ­
ygT `Y_ W| ]gT |WXXW^ YRZ SYafbaaYWR Ya ]W lUTl`UT ]gT |WU_ `XYa_ W| _ `aaYVT ZU`VY]m `a ]gT
alYRe}
w
b`R]b_ Z`bZT ]gTWUm YR WUSTU ]W ²RS ]gT _`aaYVT lWX`UYj`]YWR ab_ `R`XWZWba
]W ª h³ ´ YR ]gT _ `aaXTaa f`aT h
¨WRaYSTU ` lgmaYf`X a]`]T
Φphys
h [ffWUSYRZ ]W ]gT SYafbaaYWR YR aTf]YWR ª h} h§ k WRT _`m
`an ^gTUT ]W lb] ]gT YR|WU_ `]YWR `\Wb] ]gT lgmaYf`X STZUTTa W| |UTTSW_ W| ]gT _`aaYVT
ZU`VY]WR h Q] fWbXS \ T f`a] YR]W ]gT ]Ta] |bRf]YWR
fµν0
WU YR]W ]gT ²TXS WlTU`]WU
hphysµν
Y hT h
}±
Φphys =
∫
d4x fµν0 (x)hµν(x)Ω
Êª hÕ¹Ë
=
∫
d4x fµν(x)hphysµν (x)Ω
Êª hÕ §Ë
Q] Ya RW] g`US ]W agW^ ]g`] ª hÕ § f`R WRXm \T STUYVTS |UW_ ª hÕ¹ \b] ]gT STUYV`]YWR
Y]aTX| Ya U`]gTU fW_lXYf`]TS h ×W^TVTU k
hphysµν (x)
Ya ` U`]gTU `f`ST_ Yf W\

Tf] `RS Y] Ya
baT|bX WRXm ^gTR SYafbaaYRZ ]gT a]Ubf]bUT W| ]gT ]gTWUmk `RS Y] Ya RW] ]WW baT|bX |WU ]gT
STUYV`]YWR W| ]gT _ `aaYVT lWX`UYj`]YWR ab_ h QRSTTS k ]gT fW__b]`]WU
[
hphysµν (x), h
phys
αβ (y)
]
Ya `R YR]TUTa]YRZ W\

Tf] h xb] Y] Ya |`UT _WUT `ST
w
b`]T ]W |WXXW^ ]gT l`]g ]W `\aWU\ ]gT
lgmaYf`X STZUTTa W| |UTTSW_ YR ]gT ]Ta] |bRf]YWR
fµν0
`RS ]W ]UT`] ]gT ²TXS WlTU`]WU
hµν(x)
YR ]gT UTZb X`U ^`m `a Y] ^`a SWRT YR ]gT _ `aaXTaa f`aT k ]WW h
[Z`YR k ]gT WRTel`U]YfXT × YX\ TU] al`fT fWUUTalWRSYRZ ]W
Ker(1)(Q)/Ran(1)(Q)
Ya
H [m0,2]⊕
H [m0,0]
Y hT h STafUY\YRZ ]^W l`U]YfXTa W| _ `aa
m0
`RS alYR } `RS WRT W| alYR ¹ k UTalTf]YVTXmh
[ ZTRTU`X WRTel`U]YfXT a]`]T Ya Ôª¹Ö
Φ =
∫
d4x [fµνhµν + f
µ
1 uµ + f
µ
2 u˜µ + f
µ
3 vµ] Ω
Êª hÕ}Ë
^gTUT ]gT ]Ta] |bRf]YWR
fµν
Ya am__T]UYf YR ]gT YRSYfTa
µ, ν
`RS RW] RTfTaa`UYXm
]U`fTXTaa `Rm_WUT h [ a _ TR]YWRTS `\WVT k ^T ^ YXX STUYVT YR ]gT |WXXW^ YRZ ]gT lgmaYf`X
fWR]TR] W| ]gT _`aaYVT ZU`VY]WR `\aWU\ TS YR]W ]gT ]Ta] |bRf]YWR
fµν0 .
Ker(Q) :
[ffWUSYRZ ]W Ôª¹Ö `RS baYRZ
Q Ω = 0
^T g`VT
QΦ =
∫
d4x
[
fµν
[
Q, hµν
]
+ fµ1
{
Q, uµ
}
+ fµ2
{
Q, u˜µ
}
+ fµ3
[
Q, vµ
]]
Ω
=
∫
d4x
[
− i
2
fµν
(
∂µuν + ∂νuµ − ηµν∂γuγ
)
+ ifµ2
(
∂νhµν +m0 vµ
)− im0
2
fµ3 uµ
]
Ω
Êª hÕªË
QR WUSTU ]W g`VT
Φ ∈ Ker(Q) k ]gT ]Ta] |bRf]YWR W| ]gT |TU_ YWRYf VTf]WU ZgWa] g`a ]W
V`RYag Y hT h
fµ2 = 0
k `RS
0
!
=
∫
d4x
[ i
2
(
∂µf
µνuν + ∂νf
µνuµ − ∂γf uγ
)− im0
2
fµ3 uµ
]
Ω
=
i
2
∫
d4x
[
2∂νf
µνuµ − ∂µf uµ −m0 fµ3 uµ
]
Ω
=
i
2
∫
d4x
(
2∂νf
µν − ∂µf −m0 fµ3
)
uµΩ
Êª hÕ³Ë
^gTUT
f = ηµνf
µν Ya ]gT ]U`fT W| ]gT ]Ta] |bRf]YWR h ygT fWRSY]YWR ª hÕ³ UTwbYUTa ]g`]
fµ3 =
1
m0
(2∂νf
µν − ∂µf)
ygTR Y] |WXXW^ a ]g`]
Φ ∈ Ker(Q) ]`nTa ]gT |WU_
}Õ
Φ =
∫
d4x
[
fµνhµν + f
µ
1 uµ +
2
m0
(
∂νf
µν − 1
2
∂µf
)
vµ
]
Ω
Êª hÕ«Ë
ãRT _ `m UTfWZRYjT ]g`] ]gT |U`f]YWR ^ Y]g ]gT ZU`VY]WR _`aa
m0
`llT`UYRZ YR ]gT
STRW_ YR`]WU ^ YXX XT`S ]W SY fbX]YTa ab\

Tf] ]W ]gT lUTab_TS a_`XXRTaa W|
m0
k bRXTaa
]g Ya nYRS W| |U`f]YWR SYa`llT`Ua YR ]gT lWX`UYj`]YWR ab_ h
Ran(Q)
ÝW] `XX ]gYa a]`]Ta
Φ ∈ Ker(1)(Q) STafUY\T SYa]YRf] lgmaYf`X aY]b`]YWRa h sT _ba] `Z`YR
|`f]WU Wb] ]gT a]`]Ta
Φ′ ∈ Ran(1)(Q) Y hT h a]`]Ta |UW_ Ker(1)(Q) VTUY|m YRZ
Φ′ = QΦ0
|WU aW_ T `U\Y]U`Um
Φ0
h [ffWUSYRZ ]W ª hÕ} k ^T g`VT
Φ0 =
∫
d4x [gµνhµν + g
µ
1uµ + g
µ
2 u˜µ + g
µ
3 vµ] Ω
`RS
QΦ0 =
∫
d4x
[
gµν
[
Q, hµν
]
+ gµ1
{
Q, uµ
}
+ gµ2
{
Q, u˜µ
}
+ gµ3
[
Q, vµ
]]
Ω
=
∫
d4x
[ i
2
(
∂µg
µνuν + ∂νg
µνuµ − ∂γg uγ
)− i
2
(
∂µgν2 + ∂
νgµ2
)
hµν
+ im0 g
µ
2 vµ −
im0
2
gµ3uµ
]
Ω
Êª hÕµË
^ Y]g
g = ηµνg
µν h ygTR Φ′ ∈ Ran(1)(Q) `RS
Φ′ =
∫
d4x
[
− i
2
(
∂µgν2 + ∂
νgµ2
)
hµν + i
(
∂νg
µν − 1
2
∂µg − 1
2
m0 g
µ
3
)
uµ + im0 g
µ
2 vµ
]
Ω
Êª hÕ´Ë
[ UTlUTaTR]`]YVT YR
Ker(1)(Q)/Ran(1)(Q)
Ya W| ]gT |WU_
Φ+ Φ′
Y hT h
Φ+ Φ′ =
∫
d4x
[(
fµν − i
2
(∂µgν2 + ∂
νgµ2 )
)
hµν
+
(
fµ1 + i (∂νg
µν − 1
2
∂µg − 1
2
m0 g
µ
3 )
)
uµ
+
( 1
m0
(2∂νf
µν − ∂µf) + im0 gµ2
)
vµ
]
Ω
:=
∫
d4x fµν0 hµν Ω
Êª hÕ±Ë
^gTUT ]gT ST²RY]YWR W|
fµν0
`XXW^ a ba ]W `\aWU\ `XX _ `aaYVT lgmaYf`X STZUTTa W| |UTTSW_
YR
fµν0
h ygYa Ya `fg YTVTS \m fgWWaYRZ ]gT fWT fYTR] W|
gµ3
`RS
fµ1
fWRVTRYTR]Xmk `RS _ `nYRZ
RbXX ]gT fWT fYTR] W|
vµ
\m Y_lWaYRZ
ª¹
gµ2
!
=
i
m20
(2∂νf
µν − ∂µf)
ygTR k ]gT lgmaYf`X ]Ta] |bRf]YWR
fµν0
]`nTa ]gT |WU_
fµν0 = f
µν − i
2
[
∂µ
( i
m20
(2∂ρf
νρ − ∂νf)
)
+ ∂ν
( i
m20
(2∂ρf
µρ − ∂µf)
)]
= fµν +
1
m20
(
∂µ∂ρf
νρ + ∂ν∂ρf
µρ − ∂µ∂νf
) Êª hÕÕË
QR ª hÕ± k ^T fWbXS g`VT `XaW fgWaTR ]gT lgmaYf`X ]Ta] |bRf]YWR ]W \T alXY]]TS \T]^TTR ]gT
lbUT ZU`VY]WR l`U] `RS ` \WaWRYf VTf]WU ZgWa] l`U] Y hT h
Φ+Φ′ =
∫
d4x(fµν0 hµν+f
µ
0 vµ)Ω
h
xb] ]g Ya SWTa RW] XT`S ]W ` fWRVYRfYRZ UTabX] h
ygT Z`bZT fWRSY]YWR ^gYfg YR ]gT fX`aaYf`X f`aT gWXSa WR ]gT fX`aaYf`X ]TRaWU ²TXS
hµν
Y hT h
hµν,ν = 0
k ]bURa Wb] ]W gWXS WR ]gT lgmaYf`X ]Ta] |bRf]YWR
fµν0
k nRW^R `a ]gT ºT
ºWRSTU Z`bZT fWRSY]YWR
∂νf
µν
0 =
1
2
∂µf0
Êª h§¹¹Ë
^ Y]g
f0 = ηµνf
µν
0
h ygT Z`bZT fWRSY]YWR ª h§¹¹ gWXSa ^ Y]gWb] lUYWU fWRSY]YWRa WR
]gT am__T]UYf ]Ta] |bRf]YWR
fµν
h ygYa agW^ a ]gT Y_lWU]`R] |`f] k `XUT`Sm _ TR]YWRTS YR
aTf]YWR } h} k ]g`] YR
w
b`R]b_ ²TXS ]gTWUmk ]gT Z`bZT fWRSY]YWR gWXSa WR ]gT lgmaYf`X ]Ta]
|bRf]YWR `RS Ya RW] UT`XYjTS `a `R WlTU`]WU T
w
b`]YWR YR oWfn al`fT h QR WUSTU ]W fWRa]Ubf]
TlXYfY] lgmaYf`X lWX`UYj`]YWR ]TRaWUa ]g`] UTlUTaTR]a ]gT aY lgmaYf`X STZUTTa W| |UTTSW_
W| ]gT _`aaYVT ZU`VY]WR k Y] Ya baT|bX ]W fWRaYSTU
fµν0
YR _W_TR]b_ al`fT ^ Y]g oWbUYTU
]U`Ra|WU_ k `ffWUSYRZ ]W ª h«´ k `a
fˆµν0 (k) = fˆ
µν(k)− 1
m20
(
kµkρfˆ
νρ(k) + kνkρfˆ
µρ(k)− kµkν fˆ(k)
)
Êª h§¹ §Ë
`RS ]W YR]UWSbfT UT`X lWX`UYj`]YWR VTf]WUa
εµλ(k)
k
λ = 0, 1, 2, 3
k |WU_ YRZ `R WU]gWRWUe
_ `X \`aYa YR  YRnW^ anY al`fT `RS a`]Ya|m YRZ ]gT |W XXW^ YRZ fWRSY]YWRa
εµ0 (k) =
kµ
m0
Êª h§¹}Ë
kµε
µ
j (k) = 0
Êª h§¹ªË
3∑
j=1
εµj (k) ε
ν
j (k) =
kµkν
m20
− ηµν Êª h§¹³Ë
ygTm `UT YRalYUTS \m _ `aaYVT VTf]WU l`U]YfXTa Ô±Ö h QR ]gT |W XXW^ YRZ k ^T ^ YXX baT cUTTn
YRSYfTa |WU qWUTR]j W\

Tf]a `RS q`]YR YRSYfTa |WU al`fT YRSYfTa h ygT X`a] fWRSY]YWR ª h§¹³
Ya ]gT fW_lXT]TRTaa UTX`]YWR YR  YRnW^ anY al`fT |WU ]^W lWX`UYj`]YWR VTf]WUa ab\

Tf] ]W
ª h§¹} `RS ª h§¹ª h ÝW]T ]g`] YR WUSTU ]W ST]TU_ YRT ]gT Tl XYfY] |WU_ W|
εµλ(k)
k ]gTUT Ya
a]YXX WRT fWRSY]YWR ]W \ T `SSUTaaTS h [ a ^T ^ YXX aTT X`]TU k ` fW_lXT]TRTaa UTX`]YWR |WU
|WbU lWX`UYj`]YWR VTf]WUa YR  YRnW^ anY al`fT ^WbXS \T `llUWlUY`]T h ygT ]U`Ra|WU_ `]YWR
lUWlTU]YTa W| ]gT lWX`UYj`]YWR VTf]WUa `UT SYf]`]TS \m ]gT XY]]XT ZUWbl |WU _ `aaYVT l`U]Ye
fXTa h [ffWUSYRZ ]W Ô§§k §ªÖ k ]gYa ZUWbl Ya YaW_WUlgYf ]W ]gT ]gUTT SY_TRaYWR`X UW]`]YWR
ZUWbl
SO(3)
h sT ]gTR ST²RT
ª §
fˆµνλλ′ :=
1
2
(εµλε
ν
λ′ + ε
ν
λε
µ
λ′)
Êª h§¹«Ë
^gTUT ]gT ]U`fT ^ Y]g UTal Tf] ]W ]gT  YRnW^ anY _T]UYf
ηµν
Ya
ηµν fˆ
µν
λλ′ = fˆλλ′ = ηλλ′
h
QR aTf]YWR ª h} h§ k ^T g`VT `XUT`Sm ST²RTS gW^
fˆµνλλ′
\Tg`VTa \m UTlUTaTR]YRZ ]gT ²TXSa YR
_W_TR]b_ al`fT h QR fWRaT
w
bTRfT W| ª h§¹} e ª h§¹³ k ]gT lWX`UYj`]YWR VTf]WUa
εµλ
_`m \T
UTRSTUTS YR abfg ` ^`m ]g`]
fˆµνλλ′(−k) = fˆµνλλ′(k)
gWXSa h Q| ^T YRaTU] ª h§¹« YR]W ª h§¹ §k WRT
²RSa ]gT lgmaYf`X lWX`UYj`]YWR |bRf]YWR
fˆµν0λλ′
`a
fˆµν0λλ′ = fˆ
µν
λλ′ −
1
m20
(
kµkρfˆ
νρ
λλ′ + k
νkρfˆ
µρ
λλ′ − kµkν fˆλλ′
)
Êª h§¹µË
^gYfg Ya ]gT `R`XWZWR W| ]gT lWX`UYj`]YWR ]TRaWU
εµν±
YR ]gT _ `aaXTaa f`aT h Q] a`]Ya²Ta
]gT ST ºWRSTU Z`bZT fWRSY]YWR
kν fˆ
µν
0λλ′ −
1
2
kµfˆ0λλ′ = 0
^Y]gWb] lUYWU fWRSY]YWRa WR
εµλ(k)
`RS
fˆµνλλ′(k)
h [ a ^T nRW^ |UW_ ]gT STUYV`]YWR W|
]gT _ `aaYVT lgmaYf`X STZUTTa W| |UTTSW_ YR _W_TR]b_ al`fT k ]gT lWX`UYj`]YWR |bRf]YWR
fˆµν0λλ′
_ba] l`U`_ T]TUYjT aY lgmaYf`X STZUTTa W| |UTTSW_ ^Y]g ]gT ]^W YRSYfTa
λλ′
h Q|
^T `R`XmjT ^ Y]g ]gT gTXl W| ª h§¹} e ª h§¹³ k ª h§¹« `RS ª h§¹µ ]gT ]Y_ T XYnT `RS al`]Y`X
fW_lWRTR]a W| Y] k ^T ²RS
fˆµν0 00 = 0
fˆµν0 0j = 0
fˆµν0 ij =
1
2
(
εµi ε
ν
j + ε
ν
i ε
µ
j
)
+
kµkν
m20
ηij
fˆµν0 ii = ε
µ
i ε
ν
i +
kµkν
m20
ηii
fˆµν0 kl =
1
2
(
εµkε
ν
l + ε
ν
kε
µ
l
)
k 6= l
Êª h§¹´Ë
Q] ]gTR |WXXW^ a ]g`]
fˆµν0λλ′
l`U`_T]TUYjTa aY YRSTlTRSTR] STZUTTa W| |UTTSW_ k ^gYfg
`UT WU]gWZWR`X ]W T`fg W]gTU h ygYa `XXW^ a ba ]W fWRa]Ubf] Tl XYfY] lWX`UYj`]YWR ]TRaWUa
^gYfg `UT |WU fWRVTR YTRfT ST²RTS YR ]gT UTa] |U`_ T k ^gTUT
kµ = (m0, 0, 0, 0)
h ygTUT `UT
]gUTT WU]gWZWR`X \`aYa lWX`UYj`]YWR ]TRaWUa WUYZ YR`]YRZ Wb] W|
fˆµν0ii
^Y]g ]U`fT
ηµν fˆ
µν
0ii =
2ηii = −2 ^Y]g UTal Tf] ]W ]gT  YRnW^ anY _ T]UYf `RS ]gUTT WU]gWZWR`X \`aYa lWX`UYj`]YWR
]TRaWUa WUYZYR`]YRZ Wb] W|
fˆµν0kl
^Y]g
k 6= l `RS ^ Y]g ]U`fT ηµν fˆµν0kl = 2ηkl = 0
h ygT
lgmaYf`X lWX`UYj`]YWR |bRf]YWR
fˆµν0λλ′
k UTa]UYf]TS ]W ]gT UTa] |U`_ T k ^ YXX \ T YRSYf`]TS \m
f˜µν0λλ′
h ygTUT|WUT k ^T ²RS
ª}
f˜µν1 = f˜
µν
0 11 = ε
µ
1 ε
ν
1 + ε
µ
0ε
ν
0 η11 =


−1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


f˜µν2 = f˜
µν
0 22 = ε
µ
2 ε
ν
2 + ε
µ
0ε
ν
0 η22 =


−1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0


f˜µν3 = f˜
µν
0 33 = ε
µ
3 ε
ν
3 + ε
µ
0ε
ν
0 η33 =


−1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


Êª h§¹±Ë
ygT \`aYa lWX`UYj`]YWR ]TRaWUa |UW_ ]gT WveSY`ZWR`X l`U] `UT
f˜µν4 = f˜
µν
0 12 =
1
2
(
εµ1 ε
ν
2 + ε
µ
2ε
ν
1
)
=
1
2


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0


f˜µν5 = f˜
µν
0 13 =
1
2
(
εµ1 ε
ν
3 + ε
µ
3ε
ν
1
)
=
1
2


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0


f˜µν6 = f˜
µν
0 23 =
1
2
(
εµ2 ε
ν
3 + ε
µ
3ε
ν
2
)
=
1
2


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0


Êª h§¹ÕË
xm RWU_ `XYjYRZ ]gT \`aYa ]TRaWUa k ^T ²RS ]gT WU]gWeRWU_ `X \`aYa |WU ]gT aY _`aaYVT
lgmaYf`X STZUTTa W| |UTTSW_ `a
ªª
f˜µν
1ˆ
=
1√
2


−1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , f˜µν2ˆ = 1√2


−1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0


f˜µν
3ˆ
=
1√
2


−1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 , f˜µν4ˆ = 1√2


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 Êª h§§¹Ë
f˜µν
5ˆ
=
1√
2


0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

 , f˜µν6ˆ = 1√2


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0


¦ u u¦ ¤ ®
sgTR fWRaYSTUYRZ
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ ^ Y]g `R T_ Y]]TS _ `aaYVT ZU`VYe
]WR k ^T g`VT ]W ab_ YR ]gT ²R`X fUWaa aTf]YWR WVTU ]gT aY _ `aaYVT STZUTTa W| |UTTSW_ h
[ffWUSYRZ ]W ª hµ} k ` ZTRTU`X ZU`VY]WR a]`]T k UTlUTaTR]YRZ ` _ `aaYVT lgmaYf`X ZU`VY]WR
^ Y]g ²TS lWX`UYj`]YWR
λλ′
k Ya ZYVTR \m
hf =
∫
d3k fˆµν(~k) fˆ
µν
λλ′(
~k) a†λλ′ (~k)Ω
Êª h§§§Ë
Q] ^`a `XUT`Sm YRSYf`]TS YR ]gT ST²RY]YWR W| ]gT \`aYa lWX`UYj`]YWR ]TRaWUa
f˜µνa
]g`]
]gTUT Ya ` XYRT`U STl TRSTRfT \ T]^TTR ]gT YRSYfTa
λλ′
k l`U`_ T]TUYjYRZ ]gT _ `aaYVT lgmaYf`X
STZUTTa W| |UTTSW_ `RS ]gT ab__`]YWR YRST
a
h Q] _ `m \T f`a] YR]W ` XYRT`U |bRf]YWR
a(λλ′)
ST²RTS `a
a(11) = 1
a(22) = 2
a(33) = 3
a(12) = 4
a(13) = 5
a(23) = 6
Êª h§§}Ë
[a YR ]gT _`aaXTaa f`aT k ^T _ `m T]U`f] ]gT lWX`UYj`]YWR |bRf]YWR
fˆµν0λλ′
|UW_ ]gT
_ `]UY TXT_ TR] M `a
Ma(λλ′) = fˆµν0λλ′Mµν
Êª h§§ªË
^gTUT `Z`YR kMµν UTlUTaTR]a ]gT UT_ `YRYRZ ]TRaWUY`X l`U] W| Y] h [ a ` aYST UT_ `Un k
Mµν Ya STUYVTS \m baYRZ ]gT UTlUTaTR]`]YWR W| ]gT he²TXS `ffWUSYRZ ]W ª h«ª h QR f`XfbX`]YRZ
]gT af`]]TUYRZ fUWaa aTf]YWR k ^T g`VT ]W a
w
b`UT ª h§§ª `RS ab_ WVTU ]gT aY _ `aaYVT STZUTTa
W| |UTTSW_
a = 1, . . . , 6
h ygT fUWaa aTf]YWR Ya lUWlWU]YWR`X ]W
ª³
6∑
a(λλ′)=1
∣∣∣Ma(λλ′)∣∣∣2 = 6∑
a(λλ′)=1
∣∣∣fˆµν0λλ′Mµν ∣∣∣2
=
6∑
a(λλ′)=1
fˆµν0λλ′ fˆ
µ′ν′
0λλ′MµνM∗µ′ν′
=
6∑
a(ij)=1
fˆµν0 ij fˆ
µ′ν′
0 ij MµνM∗µ′ν′
Êª h§§³Ë
^gTUT ]gT X`a] XYRT Ya SbT ]W
fˆρσ0 00 = fˆ
ρσ
0 0j = 0
h QR fWRaT
w
bTRfT W| ª h§¹´ k ]gT TlXYfY]
ab_ WVTU ]gT aY _ `aaYVT lWX`UYj`]YWRa
a = 1, . . . , 6
Ya
6∑
a(ij)=1
fˆµν0 ij fˆ
µ′ν′
0 ij =
1
2
[ ∑
i,j
fˆµν0 ij fˆ
µ′ν′
0 ij︸ ︷︷ ︸
sum over i,j=1,2,3
+
∑
i
fˆµν0 ii fˆ
µ′ν′
0 ii︸ ︷︷ ︸
sumover three−trace
]
:= Pµνµ
′ν′
(m0) Êª h§§«Ë
ÍR|WU]bR`]TXmk \m lTU|WU_ YRZ ]gT ab_ WVTU ]gT _ `aaYVT STZUTTa W| |UTTSW_ baYRZ
ª h§¹´ `RS ª h§¹³ k WRT Ya XTS ]W ` TlUTaaYWR ^gYfg Ya RW] qWUTR]j fWV`UY`R] \b] ^WUaT k
_ `m RW] \ T ^UY]]TR YR ]TU_ a W|
kµ
k
k˜µ
`RS
ηµν
h
ãRT R`YVTXm _ `m UTa]UYf] ]gT ab_ ]W ]gT UTa] |U`_ T
kµ = (m0, 0, 0, 0)
k l TU|WU_ Y]
^ Y]g ]gT TlXYfY] \`aYa ]TRaWUa ª h§§¹ `RS _ `nT ` _Wa] ZTRTU`X [Ra`]j YR ]TU_ a W|
kµ
k
k˜µ
`RS
ηµν
`a
Pµνµ
′ν′
(m0)
= α
(
ηµµ
′
ηνν
′
+ ηµν
′
ηνµ
′
)
+ β
(
ηµνηµ
′ν′
)
+
γ
m20
(
kµkµ
′
ηνν
′
+ kνkν
′
ηµµ
′
+ kµkν
′
ηνµ
′
+ kνkµ
′
ηµν
′
)
+
δ
m20
(
kµkνηµ
′ν′ + kµ
′
kν
′
ηµν
)
+
τ
m40
kµkνkµ
′
kν
′
Êª h§§µË
QR WUSTU ]W ST]TU_ YRT ]gT fWT fYTR]a
α, β, γ, δ, τ
k WRT ^WbXS g`VT ]W UTa]UYf]
Pµνµ
′ν′
(m0)
]W UTa] |U`_ T
Pµνµ
′ν′
(m0)
⌉
rf.
= α
(
ηµµ
′
ηνν
′
+ ηµν
′
ηνµ
′
)
+ β
(
ηµνηµ
′ν′
)
+ γ
(
ηνν
′
⌉
µµ′=00
+ ηµµ
′
⌉
νν′=00
+ ηνµ
′
⌉
µν′=00
+ ηµν
′
⌉
νµ′=00
)⌉
=0, else
+ δ
(
ηµ
′ν′
⌉
µν=00
+ ηµν
⌉
µ′ν′=00
)⌉
=0, else
+ τ
⌉
µνµ′ν′=0000
Êª h§§´Ë
`RS fW_l`UT ]gT fWT fYTR]a |WU T`fg
µνµ′ν′
^Y]g
∑
a fˆ
µν
a fˆ
µ′ν′
a
h ãRT ²RSa ]gTR
ª«
Pµνµ
′ν′
(m0)
=
1
2
(
ηµµ
′
ηνν
′
+ ηµν
′
ηνµ
′ − ηµνηµ′ν′
)
− 1
2m20
(
kµkµ
′
ηνν
′
+ kνkν
′
ηµµ
′
+ kµkν
′
ηνµ
′
+ kνkµ
′
ηµν
′
)
+
1
m20
(
kµkνηµ
′ν′ + kµ
′
kν
′
ηµν
)
+
1
m40
kµkνkµ
′
kν
′
Êª h§§±Ë
xb] ]gYa W\

Tf] k ^ UY]]TR YR ]TU_ a W|
kµ
k
k˜µ
`RS
ηµν
k SWTa RW] ]U`Ra|WU_ YR ]gT a`_ T
^`m `a ]gT lWX`UYj`]YWR ab_ WVTU ]gT aY _ `aaYVT STZUTTa W| |UTTSW_
∑
a fˆ
µν
a fˆ
µ′ν′
a
SWTa h
Q] Ya RW] fXT`U Y| ]gT _ `aaYVT lWX`UYj`]YWR ab_
∑
a fˆ
µν
a fˆ
µ′ν′
a
fWbXS \T TVTR ^UY]]TR YR
]TU_ a W|
kµ
k
k˜µ
`RS
ηµν
h
ygTUT|WUT k ^T `UT XT|] ^ Y]g TlXYfY] Xm f`XfbX`]YRZ ]gT _ `]UY TXT_ TR] |WU T`fg _`aaYVT
STZUTT W| |UTTSW_ `ffWUSYRZ ]W ]gT ST²RY]YWR YR leal`fT `RS `] ]gT TRS ]W a
w
b`UT `RS
ab_ ]gT_ bl |WU STUYV YRZ ]gT fUWaa aTf]YWR h
s ûs ßþ	ß þß 	þþ	 þ	 ß	 
ygT WRXm bRSTUXmYRZ lUYRfYlXT ]W STUYVT ]gT fWblXYRZa Ya l TU]bU\`]YVT
w
b`R]b_ Z`bZT
YRV`UY`RfT h QR ]gT _ `aaXTaa f`aT k ]gT fWblXYRZa `UT STUYVTS YR Ô± k ³¹Ö k ^gTUT ]gT ]UYXYRT`U k
lbUT ZU`VY]WR fWblXYRZa fWYRfYST ^ Y]g ]gT WRTa STUYVTS |UW_ Tl`RSYRZ ]gT fX`aaYf`X
i YRa]TYRe× YX\ TU] q`ZU`RZY`R h oWU ]gT _ `aaYVT f`aT k ]gT fWblXYRZa `UT SYafbaaTS YR Ô}ÕÖ h
v  ¬
sT ²Ua] fWRaYSTU ]gT _ `aaXTaa f`aT å
Tm(x1)
a]`RSa |WU ]gT fWblXYRZ W| ` ZU`VY]WR ]W
_ `]]TU k YR WbU f`aT UTlUTaTR]TS \m ` fg`UZTS af`X`U ²TXS
ϕ
^Y]g _ `aa
m
h QR fWRaT
w
bTRfT
W| ²Ua] WUSTU Z`bZT YRV`UY`RfT k ]gT ZU`VY]WR fWblXTa ]W ]gT TRTUZme_W_TR]b_ ]TRaWU W|
ϕ
h Q] UT`Sa
Tm(x1) =
i
2
κ hαβ(x1) bαβµν T
µν
m
QR fX`aaYf`X ²TXS ]gTWUmk ]gT q`ZU`RZY`R |WU
ϕ
Ya
L = ∂µϕ†∂µϕ−m2ϕ†ϕ
]gTR
T µνm
Ya Z YVTR \m
T µνm =
∂L
∂ϕ†,ν
ϕ†,µ +
∂L
∂ϕ,µ
ϕ,ν − ηµνL
= ϕ†,νϕ,µ + ϕ
†
,µϕ,ν − ηµν
(
ϕ†,µϕ
,µ −m2ϕ†ϕ)
XT`SYRZ ]W ]gT fX`aaYf`X TlUTaaYWR |WU
Tm(x1)
Tm(x1) = iκ h
αβ(x1)
(
ϕ†,α(x1)ϕ,β(x1) −
m2
2
ηαβ ϕ
†(x1)ϕ(x1)
)
QR ]gT l`aa`ZT ]W
w
b`R]b_ ²TXS ]gTWUmk lUWSbf]a W|
ϕ
ZT] RWU_`XXm WUSTUTS h tYRfT
hαα = h
k ^T `UUYVT `]
ªµ
Tm(x1) = iκ
(
hαβ(x1) : ϕ
†
,α(x1)ϕ,β(x1) : −
m2
2
h(x1) : ϕ
†(x1)ϕ(x1) :
)
Êª h§§ÕË
ygT ZTRTU`X [Ra`]j YR ]gT f`aT W| `R T]TUR`X ²TXS
hαβext(x)
Ya
Tm(x1) = iκ
((
hαβ(x1) + h
αβ
ext(x1)
)
: ϕ†,α(x1)ϕ,β(x1) :
− m
2
2
(h(x1) + hext(x1)) : ϕ
†(x1)ϕ(x1) :
)
ygYa Ya UTSbfTS ]W ]gT lbUT T]TUR`X ²TXS fWblXYRZ `a
Tmext(x1) = iκ
(
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) : −
m2
2
hext(x1) : ϕ
†(x1)ϕ(x1) :
)
Êª h§}¹Ë
ygT fWblXYRZ W| ` _`aaYVT ZU`VY]WR ]W _ `]]TU ]`nTa ]gT a`_ T a]Ubf]bUT `a YR ]gT
_ `aaXTaa f`aT \ Tf`baT ]gT Z`bZT V`UY`]YWRa `ffWUSYRZ ]W ª hµ´ SW RW] `X]TU
dQh
µν = dQh
µu
(m0)
= −ibµναβuα,β
`RS Y] Ya `Z`YR fWblXTS ]W ` fWRaTUVTS aWbUfT Y hT h
∂µT
µν = 0
`a ^TXX `a ]gT Z`bZT
V`UY`]YWR
dQT
µν = 0
V`RYagTa |WU ]gT _ `]]TUe]TRaWU h ygba ^T f`R baT ]gT a`_ T _ `]]TU
fWblXYRZ `a YR ]gT _ `aaXTaa f`aT Y hT h
Tm(m0) ext(x1) = iκ
(
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) : −
m2
2
hext(x1) : ϕ
†(x1)ϕ(x1) :
)
Êª h§} §Ë
   ¬
ygT ]UYXYRT`U aTX|efWblXYRZ
T h1 (x)
Ya STUYVTS ^ Y]g ` ZTRTU`X [Ra`]j W| `XX l WaaY\XT fWblXYRZa
\ T]^TTR
hαβ
`RS ZgWa]a h ygT ]TU_ a g`VT ]W |b X² XX ²Ua] WUSTU Z`bZT YRV`UY`RfT k ^gYfg YR
]g Ya f`aT _ T`Ra
dQ(T
h
1 +T
u
1 ) = i∂µT
µ
1/1
k ^gTUT
T h1
UTlUTaTR]a ]gT ZU`VY]WR aTf]WU ^gTUT`a
]gT
T u
UTlUTaTR]a ]gT ZgWa] aTf]WU h Q] Ya agW^R ]g`] WRT UTfWVTUa ]gT a`_ T ZU`VY]WR
fWblXYRZa `a \m Tl`RSYRZ ]gT fX`aaYf`X i YRa]TYRe× YX\TU] ]gTWUm ^gTUT ]gT fWT fYTR]a
`UT aT] YR WUSTU ]W `ZUTT h ygT ]UYXYRT`U fWblXYRZ W| ]gT
h
e²TXS ^ Y]gWb] ZgWa]a Ya
T h(x1) = iκh
αβ(x1)
(
−1
4
h,α(x1)h,β(x1) +
1
2
hλη,α(x1)h
λη
,β (x1) + h
λ
β,η(x1)h
η
α,λ(x1)
)
Êª h§}}Ë
QR ]gT f`aT W| ]gT T]TUR`X ²TXS k ]gT ]UYXYRT`U aTX|efWblXYRZ \ TfW_ Ta
T hext(x1) = iκh
αβ
ext(x1)
(
−1
4
h,α(x1)h,β(x1) +
1
2
hλη,α(x1)h
λη
,β (x1) + h
λ
β,η(x1)h
η
α,λ(x1)
)
Êª h§}ªË
ª´
QR ]gT _ `aaYVT f`aT k ]gT aY]b`]YWR XWWna RW] ]WW SYvTUTR] h ygT ]UYXYRT`U aTX|efWblXYRZ
|WU ]gT _ `aaYVT ZU`VY]WR Ya STUYVTS YR Ô}ÕÖ h s Y]gWb] ZgWa]a k ]gT fWblXYRZ |WU ]gT _`aaYVT
²TXS
hµν(x)
UT`Sa
T h(m0) = h
αβ
(
h,αh,β − 2hλη,αhλη,β − 4hηα,λhλβ,η
)
Êª h§}³Ë
− hαβ
(
2hαβ,λh
,λ − 4hαλ,ηhλ,ηβ
)
Êª h§}«Ë
+m20
(
− 4
3
hαβhαλh
λβ + hαβhαβh− 1
6
h3
)
Êª h§}µË
^gTUT ª h§}³ fWYRfYSTa ^ Y]g ]gT _ `aaXTaa f`aT h ygT ]TU_ a YR ª h§}« `UT W| SYVTUZTRfT
]mlT `RS ]gTUT|WUT lgmaYf`XXm RW] UTXTV`R] h ygT ]TU_ a YR ª h§}µ `UT `SSY]YWR`X ]TU_ a YR ]gT
_ `aaYVT f`aT h xb] aYRfT ]gT ZU`VY]WR _ `aa
m0
Ya `aab_ TS ]W \T VTUm a_ `XX fW_l`UTS ]W
]gT _ `aaeaf`XT YR
w
bTa]YWR k ]gTm f`R \T RTZXTf]TS k XT`VYRZ ]gT a`_ T ]UYXYRT`U aTX|efWblXYRZ
`a YR ]gT _ `aaXTaa f`aT h
£  ¬
ygT
w
b`U]Yf fWblXYRZ YR ]gT _`aaXTaa f`aT Ya ` SYUTf] fWRaT
w
bTRfT W|
w
b`R]b_ Z`bZT
YRV`UY`RfT ^gTR SYafbaaYRZ `RW_`XYTa |WU aTfWRSeWUSTU ]UTT ZU`lga Y hT ]gTm _ba] gWXS
YR WUSTU ]W UTa]WUT aTfWRS WUSTU Z`bZT YRV`UY`RfT h QR ]gT f`aT W| `R T]TUR`X ²TXS k Y] Ya
ZYVTR \m
T h2 (x1, x2) =
iκ2m2
4
(
hαβext(x1)hαβ(x2) : ϕ
†(x1)ϕ(x2) :
− 1
2
hext(x1)h(x2) : ϕ
†(x1)ϕ(x2) :
)
δ(x1 − x2)
Êª h§}´Ë
oWU ]gT _`aaYVT f`aT ]gTUT `UT `a ^TXX
w
b`U]Yf fWblXYRZa STUYVTS YR Ô}ÕÖ \b] `Z`YR k
]gT `SSY]YWR`X ]TU_ a YR ]gT _ `aaYVT f`aT `UT
w
b`SU`]Yf YR ]gT ZU`VY]WR _`aa
m0
`RS
]gTUT|WUT f`R \T RTZXTf]TS k XT`VYRZ ]gT
w
b`U]Yf fWblXYRZ YR ]gT _ `aaYVT f`aT ]W fWYRfYST
^ Y]g ]gT _ `aaXTaa f`aT h
· ­ ¬ ¬
QR ]gT fWR]T] W| ZU`VY]`]YWR`X xUT_ aa]U`g XbRZ k Y] Ya _Wa] Y_lWU]`R] ]W nRW^ ^gT]gTU ]gT
\WaWRYf VTf]WU ZgWa]
vµ(x)
fWblXTa ]W _ `]]TU h QR WUSTU ]W YRVTa]YZ`]T ]gYa k ^T fWRaYSTU
]gT _Wa] ZTRTU`X fWblXYRZ W|
vµ
]W ` fg`UZTS af`X`U ²TXS
ϕ
h Q] ]`nTa ]gT |WU_ Ôª¹Ö
T1 = a1∂µv
µϕ†ϕ+ a2vµ∂µϕ†ϕ+ a3vµϕ†∂µϕ
Êª h§}±Ë
^gTUT
ai
`UT `U\Y]U`Um fWRa]`R]a h ÝW]T k ]g`] ª h§}± Ya ]gT WRXm ^`m ]W fWblXT
vµ
]W
ϕ
YR ` qWUTR]j fWV`UY`R] ^`mh QR WUSTU ]W |bX² XX ²Ua] WUSTU Z`bZT YRV`UY`RfT k
dQT1
_ba]
\ T k `ffWUSYRZ ]W } h§¹ k W| SYVTUZTRfT ]mlT Y hT h
dQ T1 = − i
2
m0 a1∂µu
µ ϕ†ϕ− i
2
m0
(
a2u
µ ∂µ ϕ
†ϕ+ a3ϕ†∂µϕ
)
!
= − i
2
m0 ∂µ
(
b1 u
µ ϕ†ϕ
)
= − i
2
b1
(
∂µ u
µ ϕ†ϕ+ uµ∂µ ϕ†ϕ+ uµϕ†∂µϕ
)
Êª h§}ÕË
ª±
ygTR Y] |WXXW^ a ]g`]
b1 = a1 = a2 = a3
`RS
T1 = a1∂µ
(
vµϕ†ϕ
)
^gYfg Ya W| ]UYVY`X SYVTUZTRfT ]ml T `RS ]gTUT|WUT lgmaYf`XXm RW] UTXTV`R] h
yW ab_ Y] bl k Y] f`R \T a`YS ]g`] ]gT SYvTUTR] fWblXYRZa UTXTV`R] |WU ]gT ZU`VY]`]YWR`X
xUT_ aa]U`gX lUW fTaa f`R \T baTS |WU ]gT _`aaXTaa ZU`VY]WR `a ^TXX `a |WU ]gT _ `aaYVT WRT
^ Y]gWb] `Rm SYvTUTRfT ^gTR ]gT ZU`VY]WR _ `aa Ya `aab_ TS ]W \T VTUm a_ `XX h

ïÇçŁÇZ XÅçY ÉŁçŁÉçè  ÅZ ŁÅçëèÇX
×`VYRZ fWXXTf]TS `XX \`aYf W\

Tf]a W| ]gT ]gTWUmk ^T `UT UT`Sm RW^ ]W ZW YR]W ]gT f`XfbX`e
]YWR W| ]gT te_ `]UY TXT_ TR] |WU ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ YR ]gT f`ba`X |WU_ `XYa_ h
ygYa `XXW^ a ba ]gTR ]W STSbfT ]gT SYvTUTR]Y`X fUWaa aTf]YWR `RS ]gT ]W]`X TRTUZm U`SY`]TS h
QR ]gT XW^Ta]eWUSTU RWR V`RYagYRZ `llUW Y_ `]YWR k ]gT xUT_ aa]U`g X lUWfTaa Ya STafUY\ TS
\m ]gT |WbU aTfWRSeWUSTU oTmR_ `R SY`ZU`_ a h ygTm `UT X`\ TXTS `a
ygT `am_l]W]Yf |UTT ²TXSa k STafUY\ TS YR aTf]YWR ª k ^ YXX RW^ \T baTS ]W fWRa]Ubf] ]gT
]Y_ T WUSTUTS lUWSbf]a
Tn
YR ]gT te_ `]UY Tl`RaYWR `a
S(g) =  +
∞∑
n=1
1
n!
∫
d4x1 · · · d4xn Tn(x1, . . . , xn) g(x1) · · · g(xn)
^gTUT
g ∈ S(R4) Ya ` ]Ta] |bRf]YWR YR tfg^`U]j al`fT h ygT ]Y_ TeWUSTUTS lUWSbf]a
Tn
`UT Wl TU`]WUeV`XbTS SYa]UY\b]YWRa `RS `UT TlUTaaTS \m RWU_ `XXm WUSTUTS lUWSbf]a W|
|UTT ²TXSa h [ffWUSYRZ ]W aTf]YWR ª hª k ]gT ²Ua] WUSTU fWblXYRZ
T1
Ya Z YVTR h Q] Ya W\]`YRTS
\m ]gT UT
w
b YUT_ TR] W| lTU]bU\`]YVT Z`bZT YRV`UY`RfT W| ]gT te_ `]UY h ygT aTfWRSeWUSTU
fgUWRWXWZYf`X lUWSbf]a
T2(x1, x2)
`UT ]gTR YRSbf]YVTXm fWRa]Ubf]TS Wb] W|
T1
`ffWUSYRZ
]W ]gT _ Tfg`RYa_ STafUY\ TS YR aTf]YWR } h§h
QR ]gT |WXXW^ YRZ k ^T ^ YXX `X^`ma g`VT `R TmT WR ]gT fX`aaYf`X STafUYl]YWR W| ZU`VYe
]`]YWR`X xUT_ aa]U`gXbRZ k aYRfT ]gT ]UTTeXTVTX
w
b`R]b_ f`XfbX`]YWR TR`\XTa ba ]W SW aW h
WUTWVTU k ^T `UT YR]TUTa]TS YR fW_l`UYRZ WbU UTabX]a ^ Y]g ]gT fX`aaYf`X ]gTWUm ^gTUT ]gT
ZU`VY]`]YWR`X xUT_ aa]U`gX lUW fTaa Ya STafUY\ TS \m ` l`U]YfXT W| _ `aa
m
k _ WVYRZ `XWRZ
`R bR\WbRS `am_l]W]Yf ]U`

Tf]WUmk l`aaYRZ bRSTU ]gT Y_l`f] l`U`_T]TU
ρ
`RW]gTU _ `aa
M
k ^gYfg Ya fWRaYSTUTS ]W YRSbfT ` a]`]Yf ZU`VY]`]YWR`X lW]TR]Y`X
φ
h ygT l`U]YfXT Ya STe
ÌTf]TS bRSTU ]gT YRÌbTRfT W| ]gT lW]TR]Y`X `RS ]gTUT|WUT XWWaTa TRTUZmh QR ]gT
w
b`R]b_
f`XfbX`]YWR W| ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ k ]gT l`U]YfXT W| _ `aa
m
Ya STafUY\ TS \m `
fg`UZTS af`X`U ²TXS
ϕ
^gYfg a`]Ya²Ta ]gT _ `aaYVT x XTYRecWUSWR T
w
b`]YWR `RS Ya
w
b`Re
]YjTS ^ Y]g ]gT ©`bXYeWUS`R SYa]UY\b]YWR W| _ `aa
m
h sT ^ YXX ]gTUT|WUT f`XX ]gT l`U]YfXT k
^gYfg Ya UT|TUUTS ]W ]gT af`X`U ²TXS
ϕ
k `a ]gT
ϕ
el`U]YfXT h [] ]UTTeXTVTX k ]gT xUT_ aa]U`gX
lUW fTaa fWRaYa]a \`aYf`XXm W| ]gT |`f] k ]g`] ]gT
ϕ
el`U]YfXT YR l`aaYRZ fXWaT ]W ` fTR]U`X
_ `aa
M
k T_ Y]a bRSTU ]gT YRÌbTRfT W| Y]a ZU`VY]`]YWR`X ²TXS ` ZU`VY]WR h QR ]gYa lUW fTaa k
]gT fTR]U`X _ `aa
M
]`nTa bl ` l`U] W| ]gT _W_TR]b_ UT
w
bYUTS |WU ]gT fWRaTUV`]YWR W|
TRTUZme_W_TR]b_ h sT ^ YXX ]UT`] ]gT lUW fTaa `a ]gT ZU`VY]`]YWR`X af`]]TUYRZ W| ]gT
ϕ
e
l`U]YfXT \m `R T]TUR`X fX`aaYf`X ²TXS h ygT YR]TU`f]YWR ^ Y]g ]gT fX`aaYf`X fTR]U`X lW]TR]Y`X
ªÕ
φ
^YXX \ T ]UT`]TS `ffWUSYRZ ]W ]gT T]TUR`X ²TXS `llUW Y_ `]YWR ^gTUT YR ]gT ÝT^]WRY`R
XY_ Y] k
φ
\TfW_ Ta ]gT ÝT^]WRY`R lW]TR]Y`X
φN
h sT ^ YXX ]gTUT|WUT UTa]UYf] ]gT _ `aa
m
W|
]gT
ϕ
el`U]YfXT ]W \T _bfg a_ `XXTU ]g`R ]gT fTR]U`X _ `aa
M
Y hT h
mM h obU]gTU_WUT k
]gT
ϕ
el`U]YfXT Ya fWRaYSTUTS ]W gT`S ]gT fTR]U`X _ `aa bRSTU ` X`UZT Y_l`f] l`U`_ T]TU
ρ
^gYfg fWUUTalWRSa ]W |WU^`US af`]]TUYRZ bRSTU ` a_ `XX `RZXT
Θ′
h sT ]gTR `UT `\XT
]W `llXm ]gT ²Ua] xWUR `llUW Y_ `]YWR _ T]gWS |WU ]gT T]TUR`X ²TXS
φN
h xm SWYRZ
]g Ya k ^T UT|TU ]W ]gT T]TRaYVT XY]TU`]bUT W| xUT_ aa]U`gXbRZ YR TXTf]UWSmR`_ Yfa ^gTUT `
fg`UZTS l`U]YfXT T_ Y]a TXTf]UWe_ `ZRT]Yf xUT_ aa]U`gXbRZ bRSTU ]gT YRÌbTRfT W| ]gT Rbe
fXTb a h sWU]g _ TR]YWRYRZ `UT ]gT lYWRTTUYRZ ^WUna \m ÷ ÓÒà Ók  ÓÏÒÚÓá `RS fWXX`\WU`]WUa
Ô} k ³ k ´ k §«Ö h
tYRfT ^T ^`R] ]W fW_l`UT WbU UTabX] ^ Y]g ]gT fX`aaYf`X ]gTWUmk ^T g`VT ]W `llXm
aW_ T XY_ Y]YRZ `llUW Y_ `]YWR h ygYa g`a ]gT `SSY]YWR`X `SV`R]`ZT ]W \ T lUTVTR]TS ST`XYRZ
^ Y]g fb_\TUaW_ T TlUTaaYWRa h ygTUT|WUT k ^T ^ YXX f`XfbX`]T ]gT SYvTUTR]Y`X fUWaa aTf]YWR
YR ]gT XY_ Y] W| bX]U` UTX`]YVYa]Yf l`U]YfXT TRTUZm
(m  E) `RS XW^ |UTwbTRfYTa (ω 
E)
h QR `SSY]YWR k ^T ^ YXX Y_ lWaT ]gT fWRSY]YWR ]g`] ]gT
ϕ
el`U]YfXT \ T af`]]TUTS \m ]gT
ZU`VY]`]YWR`X lW]TR]Y`X ]gUWbZg ` a_ `XX `RZXT
(Θ′  mε )
^gYfg YR ]gT fX`aaYf`X l Yf]bUT
UTlUTaTR]a af`]]TUYRZ \m X`UZT Y_l`f] l`U`_ T]TU
ρ
h ygYa XY_ Y] Ya nRW^R `a ]gT WRXm
WVTUX`llYRZ UTZYWR W| ]gT
w
b`aYefX`aaYf`X `RS xWUR `llUW Y_ `]YWR Ô} k ª k ³ k ´ k }µÖ h
[ a `XUT`Sm _ TR]YWRTS k ]gT
ϕ
el`U]YfXT ^ Y]g YRY]Y`X `RS ²R`X |WbUe_ W_TR]b_
pi
`RS
pf
UTalTf]YVTXmk Ya UTlUTaTR]TS \m ` fg`UZTS af`X`U ²TXS
ϕ
^Y]g _ `aa
m
W\TmYRZ ]gT _`aaYVT
x XTYRecWUSWR T
w
b`]YWR
(2+m2)ϕ(x) = 0
Q] Ya
w
b`R]YjTS `ffWUSYRZ ]W
[
ϕ(x1), ϕ
†(x2)
]
= − iDm(x1 − x2)
`RS oWbUYTUeUTlUTaTR]TS YR oWfn al`fT `a
ϕ(x) = (2pi)−
3
2
∫
d3p√
2Ep
(
a1(~p) e
−ipx + a†2(~p) e
ipx
)
ϕ†(x) = (2pi)−
3
2
∫
d3p√
2Ep
(
a2(~p) e
−ipx + a†1(~p) e
ipx
) Ê³ h§Ë
^gTUT ]gT fUT`]YWR `RS `RRYgYX`]YWR WlTU`]WUa |bX² XX ]gT fW__b]`]YWR UTX`]YWRa `a
[
a1(~p), a
†
1(~p
′)
]
= δ(~p− ~p ′)[
a2(~p), a
†
2(~p
′)
]
= δ(~p− ~p ′)
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T2(x1, x2)
sT ZYVT ` a]Tl \m a]Tl WVTUVYT^ W| ]gT f`Xfb X`]YWR |WU ]gT te_ `]UY TXT_ TR] |WU ]gT
lUW fTaa [ k `XX W]gTU lUW fTaaTa `UT ]UT`]TS YR ` aY_ YX`U ^`mh
³¹
¼¬® 
oYUa] k ^T g`VT ]W fWRa]Ubf] ]gT ]Y_ TeWUSTUTS SYa]UY\b]YWR
T2(x1, x2)
h [ffWUSYRZ ]W ]gT
f`ba`X _T]gWS k ]gT YRSbf]YVT fWRa]Ubf]YWR W|
T2
Ya \`aTS WR ]gT f`ba`XY]m fWRSY]YWR } h³ h
ygT \`aYf W\

Tf]a W| ]gT ]gTWUm `UT ]gT ]Y_ T WUSTUTS lUWSbf]a
Tn
W| `am_l]W]Yf |UTT ²TXSa h
tYRfT ]gT ²Ua] WUSTU ]TU_
T1
k ]gT YR]TU`f]YWR k Ya Z YVTR ]gUWbZg lTU]bU\`]YVT
w
b`R]b_
Z`bZT YRV`UY`RfT \m ª h§§Õ `RS ª h§}¹ k ^T `UT `\XT ]W |WU_ ]gT `bYXY`Um SYa]UY\b]YWRa
A′2(x1, x2) = − Text(x1) T (x2)
R′2(x1, x2) = − T (x2) Text(x1)
^gYfg SW RW] g`VT f`ba`X abllWU] k ]gba ]gT WUSTUYRZ Ya UTXTV`R] h QRSTTS k ]gT SYvTUTRfT
R′2 −A′2
g`a f`ba`X abllWU] k |WU_ YRZ ]gT SYa]UY\b]YWR
D2
\m
D2(x1, x2) = R
′
2(x1, x2)−A′2(x1, x2)
= Text(x1) T (x2)− T (x2) Text(x1)
= [Text(x1), T (x2)]∼iDm(x1 − x2)
^gTUT
Dm
Ya ]gT _ `aaYVT WUS`Re©`bXY SYa]UY\b]YWR k YR]UWSbfTS YR aTf]YWR } h tYRfT
A′2
k
R′2
`RS
D2
`UT lUWSbf]a W| RWU_ `XXm WUSTUTS ²TXS WlTU`]WUa ^T _ba] `llXm s Yfn a
]gTWUT_ ]W ZT] RWU_ `XXm WUSTUTS TlUTaaYWRa h oWU ]gT xUT_ aa]U`gX lUWfTaa k ^T _ba]
lYfn ]gT TlUTaaYWRa fWR]U`f]YRZ WRXm ]gT
ϕ
e²TXS WlTU`]WUa ^gTUT ]gT fWR]U`f]YWRa W| ]gT
hµν
e²TXS WlTU`]WUa `UT RW] UTXTV`R] h ygT ]Y_ T WUSTUTS lUWSbf]
T2
Ya ZYVTR \m
T2(x1, x2) = R2 −R′2 ∼
(
iDretm (x1 − x2)− iD(−)m (x1 − x2)
)
= iDFm(x1 − x2)
^gTUT ]gT SYa]UY\b]YWR
R2
UTlUTaTR]a ]gT UT]`USTS l`U] W| ]gT SYa]UY\b]YWR
D2
`RS
DFm
Ya ]gT oTmR_ `R lUWl`Z`]WU ST²RTS YR ÔÕÖ h [] ]UTT XTVTX k ]gT SYa]UY\b]YWR alXY]]YRZ W|
D2
Ya `X^`ma ]UYV Y`X `RS ^T g`VT
D2 ∼ iDm splitting= iDretm − iDavm
Y hT h
R2 ∼ iDretm
h oWU ]gT TlXYfY] fWRa]Ubf]YWR W|
T2
|WU ]gT lUW fTaa [ k ^T baT ]gT
|WXXW^ YRZ X`\ TXYRZ `ffWUSYRZ ]W ª h§§Õ `RS ª h§}¹
Tmext(x1) = iκ
(
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) : −
m2
2
hext(x1) : ϕ
†(x1)ϕ(x1) :
)
Tm(x2) = iκ
(
hµν(x2) : ϕ
†
,µ(x2)ϕ,ν(x2) : −
m2
2
h(x2) : ϕ
†(x2)ϕ(x2) :
)
ygTR ^T ²RS |WU ]gT aTfWRS WUSTU ]Y_ TeWUSTUTS SYa]UY\b]YWR
T2
³ §
T2(x1, x2) = R2 −R′2
= κ2
{
hαβext(x1)h
µν(x2)
(
: ϕ†,α(x1)ϕ,ν(x2) : ∂
x1
β ∂
x2
µ + : ϕ,β(x1)ϕ
†
,µ(x2) : ∂
x1
α ∂
x2
ν
)
− m
2
2
hαβext(x1)h(x2)
(
: ϕ†,α(x1)ϕ(x2) : ∂
x1
β + : ϕ,β(x1)ϕ
†(x2) : ∂x1α
)
− m
2
2
hext(x1)h
µν(x2)
(
: ϕ†(x1)ϕ,ν(x2) : ∂x2µ + : ϕ(x1)ϕ
†
,µ(x2) : ∂
x2
ν
)
+
m4
4
hext(x1)h(x2)
(
: ϕ†(x1)ϕ(x2) : + : ϕ(x1)ϕ†(x2) :
)}
iDFm(x1 − x2)
Ê³ h}Ë
^gTUT ]gT ST]`YXa `UT Wb]XYRTS YR ]gT `llTRSY x h Q] Ya ^WU]g _ TR]YWRYRZ k ]g`] ^T
fWblXT ]gT xUT_ aa]U`gX ZU`VY]WR WRXm ]W ]gT TRTUZme_W_TR]b_ ]TRaWU
T µν
W| ]gT
ϕ
e
l`U]YfXT `ffWUSYRZ ]W ª h§§Õ h QR ` _WUT ST]`YXTS `llUW`fg k WRT fWbXS fWblXT ]gT ZU`VY]WR
]W ` TRTUZme_W_TR]b_ ]TRaWU k YRfXbSYRZ ]gT TvTf] W| ]gT fTR]U`X _ `aa
M
`a
T˜ µν =
T µνm + T
µν
M
h xb] aYRfT ]gT fTR]U`X _ `aa
M
Ya fWRaYSTUTS YR ]gT XY_ Y] W| aXW^ _W]YWR k ^T
f`R RTZXTf] Y]a fWR]UY\b]YWR F h
¶ u u Á¯® 
{
® 
QR ]gT |WXXW^ YRZ k `XX lUWSbf]a W| ]gT ²TXS WlTU`]WUa `UT ^UY]]TR RWU_ `XXm WUSTUTS h ygT
te_ `]UY TXT_ TR] Ya ST²RTS `a
Sfi(g) = (φf , S(g) φi)
^gTUT
φf
`RS
φi
`UT ]gT ²R`Xe `RS YRY]Y`X a]`]T UTal Tf]YVTXmh sT ^UY]T
(φf , S•(g) φi) = (φf , [S − δfi] (g) φi)
^gTUT
S•
YRSYf`]Ta ]gT fWR]UY\b]YWR YR ]gT te_`]UY Tl`RaYWR h QR ]gT |W XXW^ YRZ k ^T
aT]
g(x) = 1
k aYRfT `] ]UTT XTVTX k Y] Ya `X^`ma lWaaY\XT ]W lTU|WU_ ]gT `SY`\`]Yf XY_ Y] h
[ffWUSYRZ ]W } h§k ]gT ZTRTU`X aTfWRS WUSTU te_ `]UY TXT_ TR] ]`nTa ]gT |WU_
(φf , S2(1) φi) =
1
2
∫
d4x1d
4x2(φf , T2(x1, x2) φi)
Ê³ hªË
ygT YRY]Y`X a]`]T fWRaYa]a W| ]gT
ϕ
el`U]YfXT ^ Y]g _ `aa
m
k UTlUTaTR]TS \m ]gT fg`UZTS
af`X`U ²TXS
ϕ(x)
k `ffWUSYRZ ]W ]gT YR]UWSbf]WUm UT_ `Una YR aTf]YWR ³ h tYRfT YR ]gT aTfWRS
WUSTU f`ba`X SYa]UY\b]YWR
T2
k \W]g l`U]YfXT al TfYTa
+
`RS − `UT UTlUTaTR]TS k ^T ^ YXX |WU
aY_lXYfY]mk fgWWaT ]gT YRY]Y`X a]`]T ]W \ T W ffblYTS WRXm \m ]gT
+
l`U]YfXT al TfYTa h tYRfT
]gTUT Ya RW YRfW_ YRZ ZU`VY]WR XYRT k ^T f`R W_ Y] Y] YR ]gT YRY]Y`X a]`]T h ygT `f]YWR W| ]gT
T]TUR`X ²TXS WR ]gT
ϕ
el`U]YfXT ^ YXX \ T ]UT`]TS X`]TU h ygT YRY]Y`X a]`]T Ya ]gTR ZYVTR \m
φi = a
†
1(~pi) Ω
^Y]g
pµi = (Ei, ~pi)
]gT YRY]Y`X |WbUe_ W_TR]b_ W| ]gT
ϕ
el`U]YfXT `RS
Ω
]gT V`fbb_ h
ygT ²R`X a]`]T fWRaYa]a W| ]gT Wb]ZWYRZ
ϕ
el`U]YfXT Êa`_ T l`U]YfXT al TfYTaË `RS ` |UTT k aW|]
ﬂ
I
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.)-+"& 2#"3 -  & #46'3 "3 &-)3 - &,"# "2 - 3 %,,'=)## &- @%#-+=* > -" " A
³}
xUT_ aa]U`gX ZU`VY]WR h QR ]gT _ `aaXTaa f`aT k `ffWUSYRZ ]W aTf]YWR ª h§h} k ]gT ZU`VY]`]YWR`X
af`X`U STZUTT W| |UTTSW_ Ya `\aTR] h ygT lgmaYf`X k ]U`RaVTUaT lWX`UYj`]YWR a]`]Ta k ]gT
gTXYfY]m ±2 k `UT YRSYf`]TS \m ± h ygTUT|WUT k ]gT ²R`X a]`]T f`R \T ^UY]]TR |WU ²TS
]gUTTe_W_TR]b_ ~kf
`a
φ±f = Ω a1(~pf ) ε
ρσ∗
± (~kf ) Aρσ(~kf )
^gTUT
ερσ±
Ya ]gT lWX`UYj`]YWR ]TRaWU YR ]gT _ `aaXTaa f`aT `ffWUSYRZ ]W ª hª³ k
pµf =
(Ef , ~pf)
`RS
kµ = (Ek, ~kf )
`UT ]gT |WbUe_ W_TR]` W| ]gT T_ TUZYRZ
ϕ
el`U]YfXT `RS ]gT
xUT_ aa]U`gX ZU`VY]WR k UTal Tf]YVTXm `RS ^T g`VT
p2i = p
2
f = m
2 `RS k2 = 0
h ÝW]T k ]g`]
]gT ²R`X xUT_ aa]U`g X ZU`VY]WR Ya ZTRTU`]TS \m ]gT ]U`fTXTaa fUT`]YWR WlTU`]WU
Aρσ(~kf )
h
sT YR]UWSbfT ]gT |WXXW^ YRZ `\\UTVY`]YWRa ÔÕÖ
ϕi = a
†
1(~pi)Ω
ϕf = Ω a1(~pf )
hi = Ω
hfρσ = ΩAρσ(~kf )
]gTR
φi = ϕi hi
Ê³ h³ Ë
φ±f = ϕf h
±
f
:= ϕf ε
ρσ∗
± (~kf )hfρσ
:= ερσ∗± (~kf )φfρσ
Ê³ h«Ë
ygT ST²RY]YWR W| ` a]`]T \m
ϕf , hfρσ
agWbXS RW] ZYVT UYaT ]W fWR|baYWRa ^ Y]g ]gT
ST²RY]YWR W| ]gT ²TXS WlTU`]WUa
ϕ(x), hρσ(x)
h
¼ ¬® 
oWU ]gT te_ `]UY TXT_TR] k ^T ²RS k `ffWUSYRZ ]W ³ hª `RS ³ h³ k ³ h« k ]gT |WXXW^ YRZ |WU_
(
φ±f , S
A
2 (1)φi
)
= ερσ∗± (~kf )
(
φfρσ , S2 φi
)
=
1
2
ερσ∗± (~kf )
∫
d4x1 d
4x2
(
ϕf hfρσ, T2(x1, x2)ϕi hi
)
=
1
2
ερσ∗± (~kf )
∫
d4x1 d
4x2
(
ϕf , T
ϕ
2 (x1, x2)ϕi
)(
hfρσ, T
h
2 (x1, x2)hi
)
Ê³ hµË
^gTUT
Tϕ2
k
T h2
`UT ]gT aTfWRS WUSTU ]Y_ TeWUSTUTS SYa]UY\b]YWRa fWR]`YRYRZ ]gT ²TXS
WlTU`]WUa
ϕ(x)
`RS
hµν(x)
k UTalTf]YVTXmh obU]gTU_WUT k ^T g`VT aT]
S2(1) ≡ S2 h QR ]gT
|WXXW^ YRZ k ^T ^ YXX W_ Y] YRSYf`]YRZ ]gT lWX`UYj`]YWR ]TRaWU
ερσ∗±
h xm YR aTU]YRZ ³ h} |WU ]gT
aTfWRS WUSTU
T2
k ^T ²RS
³ª
(
φfρσ , S
A
2 φi
)
=
iκ2
2
∫
d4x1 d
4x2
{
·
[(
ϕf , ϕ,ν(x2) ∂
x1
β ∂
x2
µ D
F
m(x1 − x2)ϕ†,α(x1)ϕi
)
+
(
ϕf , ϕ
†
,µ(x2) ∂
x1
α ∂
x2
ν D
F
m(x1 − x2)ϕ,β(x1)ϕi
)](
hfρσ, h
µν(x2)h
αβ
ext(x1)hi
)
− m
2
2
[(
ϕf , ϕ(x2) ∂
x1
β D
F
m(x1 − x2)ϕ†,α(x1)ϕi
)
+
(
ϕf , ϕ
†(x2) ∂x1α D
F
m(x1 − x2)ϕ,β(x1)ϕi
)](
hfρσ, h(x2)h
αβ
ext(x1)hi
)
− m
2
2
[(
ϕf , ϕ,ν(x2) ∂
x2
µ D
F
m(x1 − x2)ϕ†(x1)ϕi
)
+
(
ϕf , ϕ
†
,µ(x2) ∂
x2
ν D
F
m(x1 − x2)ϕ(x1)ϕi
)](
hfρσ, h
µν(x2)hext(x1)hi
)
+
m4
4
[(
ϕf , ϕ(x2)D
F
m(x1 − x2)ϕ†(x1)ϕi
)
+
(
ϕf , ϕ
†(x2)DFm(x1 − x2)ϕ(x1)ϕi
)](
hfρσ, h(x2)hext(x1)hi
)}
Ê³ h´Ë
QR WUSTU ]W f`XfbX`]T ]gT V`UYWba `f]YWRa W| ]gT ²TXS WlTU`]WUa k ^T g`VT ]W ST]TU_ YRT
|WU T`_lXT
ϕ,β(x1)ϕi
)
= ϕ
(−)
,β (x1)ϕi
)
= − i(2pi)− 32
∫
d3p√
2Ep
pβ e
−ipx1 a1(~p)a
†
1(~pi)︸ ︷︷ ︸
δ(~p−~pi)
Ω
)
= − i (2pi)
− 32√
2Ei
piβ e
−ipix1Ω
)
`RS
(
hfρσ, h
µν(x2) =
(
hfρσ, h
µν(+)(x2)
= (2pi)−
3
2
∫
d3k√
2Ek
eikx2
(
Ω, Aρσ(~kf )
(
ηµµ ηνν A†µν(~k)−
1
4
ηµν d†(~k)
)
= (2pi)−
3
2
∫
d3k√
2Ek
eikx2
(
Ω, ηµµ ηνν
[
Aρσ(~kf ), A
†
µν(
~k)
]
︸ ︷︷ ︸
tρσµν δ(~k−~kf )
=
(2pi)−
3
2√
2Ek
eikfx2 tρσµν
(
Ω,
³³
oUW_ RW^ WR k |WU aY_lXYfY]mk ^T ^ YXX baT ]gT RW]`]YWR ~kf = ~k
h tYRfT ^T g`VT fgWaTR
WRXm WRT l`U]YfXT alTfYTa
(+)
YR ]gT YRY]Y`X a]`]T k `XX ² Ua] ab__`RSa YR ³ h´ V`RYag h WUTe
WVTU k aYRfT ]gT ²R`X xUT_ aa]U`gX ZU`VY]WR SWTa RW] f`UUm ` af`X`U STZUTT W| |UTTSW_ k `XX
TlUTaaYWRa YR
h
`f]YRZ WR ]gT ²R`X a]`]T V`RYag k ]WW h ygTUT|WUT k ^T ²RS
(
φρσf , S
A
2 φi
)
=
iκ2(2pi)−
9
2
4
√
2EiEfEk
∫
d4x1 d
4x2 e
−ipix1+i(pf+k)x2
·
[
pfµ piβ ∂
x1
α ∂
x2
ν D
F
m(x1 − x2) tρσµν hαβext(x1)
− i m
2
2
pfµ∂
x2
ν D
F
m(x1 − x2) tρσµν hext(x1)
]
Ê³ h±Ë
QR WUSTU ]W TV`Xb`]T ]gT te_`]UY TXT_ TR] YR ]gT T]TUR`X ²TXS `llUWY_ `]YWR k ^T
g`VT ]W `llXm ]gT xWUR `llUW Y_ `]YWR _T]gWS |WU ]gT fX`aaYf`X T]TUR`X ²TXS
φ
h QR WbU
f`aT k
hαβext(x1)
lX`ma ]gT UWXT W| ]gT bR
w
b`R]YjTS lW]TR]Y`X ^gYfg ^T ^ Yag ]W UTX`]T ]W
]gT ÝT^]WRY`R lW]TR]Y`X
φN
h sT ^ YXX UTa]UYf] WbUaTXVTa ]W ]gT ²Ua] Y]TU`]YWR aWXb]YWR
YR lW^TUa W| ]gT fWblXYRZ ]W ]gT T]TUR`X ²TXS Ê²Ua] xWUR `llUWY_ `]YWR Ë h [ffWUSYRZ
]W Ô} k ³ k ´Ö k ]gT f`aT W| ZU`VY]`]YWR`X YR]TU`f]YWR Ya ]UT`]TS YR fXWaT `R`XWZm ]W ]gT TXTfe
]UW_ `ZRT]Yf f`aT h ygT T]TUR`X ²TXS k `f]YRZ `] ]gT VTU]T
(x1)
WR ]gT
ϕ
el`U]YfXT k Ya YR
_W_TR]b_ al`fT STafUY\ TS \m ]gT oWbUYTU ]U`Ra|WU_ W|
hαβext(x1)
Y hT h
hαβext(x1) = (2pi)
− 32
∫
d4q hαβext(q) e
−iqx1
^gTUT ^T g`VT ]W ST]TU_ YRT `R TlUTaaYWR |WU
hαβext(q)
h QR ]gT ÝT^]WRY`R XY_ Y] W|
ZTRTU`X UTX`]YV Y]mk ^gTUT ]gT ZU`VY]`]YWR`X ²TXS Ya `aab_ TS ]W \T ^T`n `RS a]`]YWR`Umk ^T
_ `m STfW_lWaT ]gT _ T]UYf
gαβ
YR]W
gαβ = ηαβ + hαβ
k ^gTUT
ηαβ
UTlUTaTR]a ]gT \`fne
ZUWbRS  YRnW^ anY _ T]UYf `RS
hαβ
Y]a a_ `XX l TU]bU\`]YWR Y hT h
∣∣hαβ∣∣ 1 h ygYa Ya a`]Ya²TS
\m ]gT `aab_l]YWRa W| ]gT xUT_ aa]U`g X lUW fTaa k R`_TXm ]gT f`aT W| ]gT a]`]Yf k fTR]U`X lWe
]TR]Y`X YRSbfTS \m ]gT _ `aa
M
h obU]gTU_WUT k ^T fWRaYSTU ]gT f`aT W| a_ `XX xUT_ aa]U`gX
TRTUZm `RS X`UZT Y_l`f] l`U`_ T]TU h ygTR k ]gT ÝT^]WRY`R XY_ Y] Ya k `ffWUSYRZ ]W Ô§}Ö k
ZYVTR \m
h00 = −2φN (M)
sT _`m ]gTUT|WUT _ `nT fWR]`f] ]W ]gT T]TUR`X ²TXS `llUW Y_ `]YWR Ô³Ö ]gUWbZg
hαβext(x1) = (2pi)
− 32
∫
d4q hαβext(~q) e
−iqx1 f(q0)
Ê³ hÕË
^ Y]g
lim
→0
f(q
0) = δ(q0)
`RS Z`bZT
hαβext(~q)
`RS
hext(~q)
]W
h00ext(~q) = −2 φN (~q)
Ê³ h§¹Ë
^ Y]g
³«
hαβext(x1) = −2 (2pi)−
3
2
∫
d4q φN (~q) e
−iqx1 δ(q0)
⌉
α=β=0
`RS
hext(~q) = ηαβh
αβ
ext(~q) = η00h
00
ext(~q) = −2φN(~q)
ygYa _ T`Ra ]g`] ]gT fWblXYRZ ]W ]gT T]TUR`X ²TXS Ya Tl`RSTS YR ]TU_ a W|
GNMm
h
×TRfT k ]gT xWURefWRSY]YWR
GNMm 1 g`a ]W \ T a`]Ya²TS Y| WRT UTwbYUTa ]g`] ]gT ²Ua]
xWUR `llUW Y_ `]YWR Ya ]gT _`YR fWR]UY\b]YWR YR ]gT Tl`RaYWR W| ]gT T]TUR`X ²TXS G h
ygTR k ]gT te_ `]UY TXT_TR] YR ]gT ²Ua] xWUR `llUW Y_ `]YWR YR ]gT f`aT W| ZU`VY`]YWR`X
YR]TU`f]YWR \TfW_ Ta
(
φρσf , S
A φi
)
= − iκ
2(2pi)−6
2
√
2EiEfEk
∫
d4q φN (~q) δ(q
0)
∫
d4x1 d
4x2 e
−i(pi+q)x1+i(pf+k)x2
·
[
pfµ piβ=0 ∂
x1
α=0∂
x2
ν D
F
m(x1 − x2) tρσµν
− i m
2
2
pfµ∂
x2
ν D
F
m(x1 − x2) tρσµν
]
Ê³ h§§Ë
ÝW^ k ]gT _ `aaYVT oTmR_ `R lUWl`Z`]WU YR ]gT f`ba`X |U`_ T^WUn k `ffWUSYRZ ]W ÔÕÖ k Ya
DFm(x1 − x2) = (2pi)−4
∫
d4p
e−ip(x1−x2)
m2 − p2 − i
Ê³ h§}Ë
`RS Y]a
x
eYR]TZU`]YWR |WU
(φ
(ρσ)
f , S21 φi)
mYTXSa
∫
d4x1 d
4x2 ∂
x1
α ∂
x2
ν D
F
m(x1 − x2) eiPx1+iQx2 = (2pi)4 δ4(P +Q)
QαQν
m2 −Q2 − i
∫
d4x1 d
4x2 ∂
x2
ν D
F
m(x1 − x2) eiPx1+iQx2 = (2pi)4 δ4(P +Q)
−iQν
m2 −Q2 − i
∫
d4x1 d
4x2 ∂
x1
α D
F
m(x1 − x2) eiPx1+iQx2 = (2pi)4 δ4(P +Q)
iQα
m2 −Q2 − i
Ê³ h§ªË
^gTUT YR WbU f`aT k
P = −(pi + q) `RS Q = (pf + kf ) h ygba k g`VYRZ lTU|WU_ TS ]gT
x
eYR]TZU`]YWR k ^T ²RS |WU ]gT aTfWRS WUSTU te_`]UY TXT_ TR]
ﬂK
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φN
/n01 A
³µ
(
φρσf , S
A φi
)
= − iκ
2(2pi)−2
2
√
2EiEfEk
∫
d4q φN (~q) δ(q
0) δ4(pf + k − pi − q)
· tρσµν
(
Ei(Ef + Ek)
pfµ(pf + k)ν
m2 − (pf + k)2 − i −
m2
2
pfµ(pf + k)ν
m2 − (pf + k)2 − i
)
= − iκ
2(2pi)−2
2
√
2EiEfEk
∫
d3q φN (~q) δ
3(~pf + ~k − ~pi − ~q)
· tρσµν pfµ(pf + k)ν
m2 − (pf + k)2 − i
(
Ei(Ef + Ek)− m
2
2
)
·
∫
dq0 δ(q0) δ(p0f + k
0 − p0i − q0)︸ ︷︷ ︸
=δ(Ef+Ek−Ei)
Ê³ h§³Ë
ÝW]T k ]g`] ^T g`VT |WbRS WRXm TRTUZm fWRaTUV`]YWR WVTU ]gT ^gWXT lUW fTaa h W_TRe
]b_ Ya RW] fWRaTUVTS k aYRfT ]gT fTR]U`X _ `aa
M
Ya `aab_ TS ]W `\aWU\ ` ]YRm `_WbR]
W| _ W_TR]b_ k \b] Y]a UTlbXaYWR Ya RTZXTf]TS h ygT oWbUYTU ]U`Ra|WU_ W| ]gT ÝT^]WRY`R
lW]TR]Y`X Ya ZYVTR \m
φN (~q) = −
√
2
pi
GNMm
|~q|2
Ê³ h§«Ë
YRaTU]YRZ Y] YR ³ h§³ XT`VTa
(
φρσf , S
A φi
)
=
iκ2pi−
5
2
8
√
EiEfEk
GNMm∣∣∣ ~pf + ~k − ~pi ∣∣∣2 δ(Ef + Ek − Ei)
·
(
Ei(Ef + Ek)− m22
)
m2 − (pf + k)2 − i pfµ(pf + k)ν t
ρσµν
`RS ^ Y]g
(φρσf , S
A(1) φi) = δ(Ef + Ek − Ei)MρσA
^T ²RS ]gT _ `]UY TXT_TR]
MρσA = iκ
2pi−
5
2
8
√
EiEfEk
GNMm∣∣∣ ~pf + ~k − ~pi ∣∣∣2
·
(
Ei(Ef + Ek)− m22
)
m2 − (pf + k)2 − i pfµ(pf + k)ν t
ρσµν
Ê³ h§µË
xm fWR]U`f]YRZ ]gT qWUTR]j YRSYfTa
µ
`RS
ν
k ^T ²RS
pfµQνt
ρσµν =
1
2
[
pρfQ
σ + pσfQ
ρ
]
− 1
4
pfγQ
γηρσ
³´
ygTR k ]gT ²R`X _ `]UY TXT_ TR] |WU ]gT SY`ZU`_ [ \TfW_ Ta
MρσA = iκ
2pi−
5
2
8
√
EiEfEk
GNMm∣∣∣ ~pf + ~k − ~pi ∣∣∣2
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − i
·
(
1
2
[
pρf(pf + k)
σ + pσf (pf + k)
ρ
]
− 1
4
pfγ(pf + k)
γηρσ
) Ê³ h§´Ë
¼ ¬® ·
ÝT] k ^T TV`Xb`]T ]gT _ `]UY TXT_ TR] fWR]UY\b]YWR |UW_ ]gT SY`ZU`_ x k ^gYfg fWRaYa]a
W| WRXm YR]TUfg`RZYRZ ]gT VTU]TeYRSYfTa
x1 ↔ x2 Y hT h ]gT ϕeaTf]WU UT_ `YRa ]gT a`_ T
^gTUT`a YR ]gT
h
eaTf]WU k ]gT qWUTR]j YRSYfTa `UT agY|]TS `ffWUSYRZ ]W
α, β ↔ µ ν h Q] Ya
X`\ TXTS k `ffWUSYRZ ]W ª h§§Õ `RS ª h§}¹ k \m
Tm(x1) = iκ
(
hαβ(x1) : ϕ
†
,α(x1)ϕ,β(x1) : −
m2
2
h(x1) : ϕ
†(x1)ϕ(x1) :
)
Tmext(x2) = iκ
(
hµνext(x2) : ϕ
†
,µ(x2)ϕ,ν(x2) : −
m2
2
hext(x2) : ϕ
†(x2)ϕ(x2) :
)
©TU|WU_ YRZ ]gT a`_ T a]Tla `a YR ]gT f`aT W| SY`ZU`_ [ k ^T ²RS ]gT _ `]UY TXT_ TR]
fWR]UY\b]YWR |UW_ ]gT SY`ZU`_ x
MρσB = iκ
2pi−
5
2
8
√
EiEfEk
GNMm∣∣∣ ~pf + ~k − ~pi ∣∣∣2
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − i
·
(
1
2
[
pρi (pi − k)σ + pσi (pi − k)ρ
]
− 1
4
piγ(pi − k)γηρσ
) Ê³ h§±Ë
¼ ¬® 
oWU ]gT fWR]UY\b]YWR |UW_ ]gT SY`ZU`_ ¨ k ]gT X`\ TXYRZ Ya `ffWUSYRZ ]W ª h§}} `RS ª h§}ª
ZYVTR \m
T hext(x1) = iκ h
αβ
ext(x1)
(
−1
4
h,α(x1)h,β(x1) +
1
2
hλη,α(x1)h
λη
,β (x1) + h
λ
β,η(x1)h
η
α,λ(x1)
)
Tm(x2) = iκ
(
hµν(x2) : ϕ
†
,µ(x2)ϕ,ν(x2) : −
m2
2
h(x2) : ϕ
†(x2)ϕ(x2) :
)
^gYfg XT`Sa ]W ]gT _ `]UY TXT_ TR] fWR]UY\b]YWR |UW_ ]gT SY`ZU`_ ¨
³±
MρσC = iκ
2pi−
5
2
8
√
EiEfEk
GNMm∣∣∣ ~pf + ~k − ~pi ∣∣∣2
·
(
− Ek(Ef − Ei)
2(pf − pi)2 − i
[
pρfp
σ
i + p
σ
fp
ρ
i − 2pνfpiνηρσ
]
− 1
2(pf − pi)2 − i
[
(pi − pf )ση0ρ + (pi − pf )ρη0σ − 1
2
(Ei − Ef )ηρσ
]
·
[
Efp
η
i kη + Eip
η
fkη − Ekpηfpiη +m2Ek
])
Ê³ h§ÕË
¼ ¬® ¼
q`a] k ^T ZYVT ]gT TlUTaaYWR |WU ]gT _ `]UY TXT_ TR] fWR]UY\b]YWR |UW_ ]gT SY`ZU`_ º h
QR ]gYa f`aT W|
w
b`U]Yf fWblXYRZ k
T2
Ya SYUTf]Xm ZYVTR `ffWUSYRZ ]W ª h§}´ \m
T h2 (x1, x2) =
iκ2m2
4
(
hαβext(x1)hαβ(x2) : ϕ
†(x1)ϕ(x2) :
− 1
2
hext(x1)h(x2) : ϕ
†(x1)ϕ(x2) :
)
δ(x1 − x2)
XT`SYRZ ]W
MρσD = iκ
2m2pi−
5
2
32
√
EfEiEk
GNMm∣∣∣~pf + ~k − ~pi∣∣∣2
(
ηρ0ησ0 − 1
4
ηρσ
)
Ê³ h}¹Ë
  ® 
{
® 
ygT ²R`X _ `]UY TXT_ TR] \ TfW_ Ta `ffWUSYRZ ]W ³ h§´ k ³ h§± k ³ h§Õ `RS ³ h}¹
³Õ
MρσA+B+C+D = iκ
2pi−
5
2
8
√
EiEfEk
GNMm∣∣∣~pf + ~k − ~pi∣∣∣2
·
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
1
2
[
pρf (pf + k)
σ + pσf (pf + k)
ρ
]
− 1
4
pfγ(pf + k)
γηρσ
)
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
1
2
[
pρi (pi − k)σ + pσi (pi − k)ρ
]
− 1
4
piγ(pi − k)γηρσ
)
− Ek(Ef − Ei)
2(pf − pi)2 − iε
[
pρfp
σ
i + p
σ
fp
ρ
i − 2pνfpiνηρσ
]
− 1
2(pf − pi)2 − iε
[
(pi − pf )ση0ρ + (pi − pf )ρη0σ − 1
2
(Ei − Ef )ηρσ
]
·
[
(Efp
η
i + Eip
η
f )kη − Ek(pνfpiν −m2)
]
+
m2
4
(
ηρ0ησ0 − 1
4
ηρσ
)}
Ê³ h} §Ë
QR WUSTU ]W fW_l`UT Y] ^ Y]g ]gT _ `aaYVT f`aT k ^T Wb]XYRT ]gT _`]UY TXT_ TR] YRSbfTS
\m ]gT TlXYfY] l WX`UYj`]YWRa ª h§Õ YR _W_TR]b_ al`fT YR ]gT |U`_ T
kµ = (ω, 0, 0, ω)
l`U`XXTX ]W ]gT ªe` Ya ^ Y]g
kµkµ = 0
h  WUTWVTU k WR Xm ]gT fWR]UY\b]YWRa |UW_ ]gT SY`ZU`_ a
[ `RS x `UT ZYVTR aYRfT Y] ^ YXX \ TfW_ T fXT`U aWWR k ]g`] ]gT fWR]UY\b]YWRa |UW_ ]gT
SY`ZU`_ a ¨ `RS º f`R \T RTZXTf]TS YR ]gT fWRaYSTUTS XY_ Y] W| ]gT xUT_ aa]U`gX lUW fTaa h
ÝW]T ]g`] bl ]W ]g Ya lWYR] k ]gT TlUTaaYWRa |WU ]gT _ `]UY TXT_TR] `UT T`f] YR ]gT
SmR`_ Yf`X V`UY`\XTa h [ a Y] ^`a `XUT`Sm _TR]YWRTS YR ª h§Õ k ]gT a]`]T Ya RWU_ `XYjTS ]W WRT
`RS ]gT SY`ZWR`X Wl TU`]WUa
A˜µν
`UT ]U`Ra|WU_ TS \`fn ]W ]gT
Aµν
ab\

Tf] ]W ª h§´ h ygTR
~MA+B = iκ
2pi−
5
2 GNMm
8
√
EiEfEk
∣∣∣~pf + ~k − ~pi∣∣∣2


√
2
{
Ei(Ef+Ek)−m22
m2−(pf+k)2−iε
(
1
2
[
p1f (pf + k)
2 + p2f (pf + k)
1
])
+
Ef (Ei−Ek)−m22
m2−(pi−k)2−iε
(
1
2
[
p1i (pi − k)2 + p2i (pi − k)1
])}
1√
2
{
Ei(Ef+Ek)−m22
m2−(pf+k)2−iε
(
p2f (pf + k)
2 − p1f (pf + k)1
)
+
Ef (Ei−Ek)−m22
m2−(pi−k)2−iε
(
p2i (pi − k)2 − p1i (pi − k)1
)}


Ê³ h}}Ë
«¹
¶ u u¦ £·¯
{
® 
sT ^ YXX RW^ fW_ T ]W ]gT _WUT aWlgYa]Yf`]TS l`U] W| ]gT f`XfbX`]YWR h ygT _ `YR |bU]gTU
a]Tla `UT a
w
b`UYRZ ]gT _`]UY TXT_TR] `RS YR]TZU`]YRZ Wb] ]gT algTUYf`X `RZXTa h Q] ]bURa
Wb] ]W \T ` ^`Xn WR ]gT TSZT \T]^TTR SUY|]YRZ YR]W fb_\TUaW_ T TlUTaaYWRa `] ]gT |bXX
]TRaWUY`X XTVTX WU aY_lXY|m YRZ ]gT_ ]WW _bfg `RS fW_ YRZ bl ^ Y]g XTaa lW^TU W| ]gT ²R`X
UTabX] h ygT fUY]TUYWR W| gW^ ]W Y_lWaT `Rm XY_ Y]YRZ `aab_l]YWRa Ya ]gT UT
w
bYUT_ TR] ]W
²RS ` \UYSZT \T]^TTR ]gT
w
b`R]b_ f`XfbX`]YWR `] ]UTT XTVTX `RS ]gT fX`aaYf`X ]gTWUm
Ô} k ª k ³ k ´ k }µÖ h tYRfT ]gT xWUR `llUW Y_ `]YWR W|
w
b`R]b_ ]gTWUm WVTUX`la ^ Y]g ]gT
fX`aaYf`X ]gTWUm YR ]gT UTZY_ T W| gYZg l`U]YfXT TRTUZmk XW^ xUT_ aa]U`gX TRTUZm `RS a_ `XX
af`]]TUYRZ `RZXTa k ^T ]gTUT|WUT `UT YR]TUTa]TS YR ]gT XW^ |UT
w
bTRfm XY_ Y] `RS fWRaYSTU ]gT
f`aT ^gTUT ]gT TRTUZm W| ]gT xUT_ aa]U`gX ZU`VY]WR Ya a_ `XX fW_l`UTS ]W ]gT TRTUZm W|
]gT
ϕ
el`U]YfXT Y hT h
Ek  Ei,f h sT |bU]gTU fWRaYSTU ]gT f`aT W| ]gT ϕel`U]YfXT ]W \ T W|
bX]U` UTX`]YV Ya]Yf TRTUZm Y hT h
m  Ei,f h QR `SSY]YWR k ^T Y_lWaT ]gT fWRSY]YWR ]g`] ]gT
l`U]YfXT \ T af`]]TUTS \m ]gT ZU`VY]`]YWR`X lW]TR]Y`X ]gUWbZg ` a_ `XX `RZXT Y hT h
Θ′  mEi,f
^gYfg YR ]gT fX`aaYf`X lYf]bUT fWUUTalWRSa ]W ` X`UZT Y_l`f] l`U`_ T]TU
ρ
h
QR WUSTU ]W l TU|WU_ Ta]Y_ `]Ta WR ]gT V`UYWba TlUTaaYWRa k ^T RTTS ]W g`VT `R Ta]Y_ `]T
WR ]gT `RZXTa YRVWXVTS h sT _`nT baT W| ]gT `R`XWZm |UW_ TXTf]UWSmR`_ Yfa k ^gTUT YR ]gT
bX]U` UTX`]YV Ya]Yf f`aT k ]gT xUT_ aa]U`gX ZU`VY]WR k aTTR |UW_ ]gT X`\ |U`_ T k T_ TUZTa _ `YRXm
YR ]gT |WU^`US SYUTf]YWR bRSTU ` a_ `XX `RZXT
Θ
]W ]gT SYUTf]YWR W| ]gT YRfYSTR]
ϕ
el`U]YfXT
Y hT h
Θ ∼ mε
Ô³ k ª³Ö h ygba k ^T ^ YXX `ll Xm YR ]gT |WXXW^ YRZ a_ `XX `RZXT `llUWY_ `]YWRa WR
]gT V`UYWba ]UYZWRW_ T]UYf |bRf]YWRa Y hT h
sinΘ ∼ Θ `RS cosΘ ∼ 1− Θ22
h
oUW_ RW^ WR k ^T ^ YXX b aT ]gT |WXXW^ YRZ RW]`]YWR YR ]gT l`aa`ZT |UW_ ]gT T`f]
TlUTaaYWRa ]W ]gT `llUW Y_ `]TS WRTa å
Ek = ω  ε = Ei k ]gba RTZXTf]YRZ WUSTU O(ωε )
k
Ei = ε ∼ Ef h xm Ta]Y_ `]YRZ ]gT fWR]UY\b]YWRa |UW_ ]gT SYvTUTR] SY`ZU`_ a k ^T aTT ^gTR
fWRaYSTUYRZ ]gT SY`ZU`_ a [ `RS x ]W \T W| WUSTU
O(1)
k ]g`] ]gT fWR]UY\b]YWR |UW_ ]gT
SY`ZU`_ a ¨ `RS º `UT W| WUSTU
O( ω
2
m2 )
`RS
O(ωm
2
ε3 )
k UTal Tf]YVTXmh s Y]g ]gT `aab_l]YWRa
_ TR]YWRTS `\WVT k ]gT fWR]UY\b]YWR |UW_ ]gT lUW fTaa º f`R \T RTZXTf]TS \b] YR WUSTU
]W \T `\ XT ]W RTZXTf] ]gT fWR]UY\b]YWR |UW_ ]gT lUWfTaa ¨ ^T _ba] Y_lWaT WRT |bU]gTU
fWRSY]YWR
ω2  m2 ^gYfg YR ]gT fWRaYSTUTS f`aT Ya lX`baY\ XT h ÍRSTU ]gTaT `aab_l]YWRa k
]gT _`]UY TXT_ TR] \ TfW_ Ta
Mρσ ≈ iκ
2pi−
5
2 GNMm
8ε
√
ω
∣∣∣~pf + ~k − ~pi∣∣∣2
·
{
− ε
2
2ωε(1− v cosΘfk)
(
1
2
[
pρf(pf + k)
σ + pσf (pf + k)
ρ
]
− m
2
4
ηρσ
)
+
ε2
2ωε(1− v cosΘ)
(
1
2
[
pρi (pi − k)σ + pσi (pi − k)ρ
]
− m
2
4
ηρσ
)}
Ê³ h}ªË
^gTUT ≈ _T`Ra WUSTU O(ωε )
k
O( ω
2
m2 )
`RS
O(m
2
ε2 )
`UT RTZXTf]TS `RS
v = |~pi|Ei ∼
|~pf |
Ef
∼
|~pi|
ε
aYRfT
Ei ∼ Ef h
sT ^ YXX baT ` fWWUSYR`]T ama]T_ YR ^gYfg ]gT SYUTf]YWR W| ]gT YRY]Y`X _W_TR]b_
~pi
Ya `XWRZ ]gT je`Ya `RS ]gT af`]]TUYRZ ]`nTa lX`fT YR ]gT jel X`RT Y hT h
~pf
XYTa YR ]gT je
lX`RT h ygT af`]]TUYRZ `RZXT
Θ′ (∠~pi~pf )
Ya YR ]gT fWRaYSTUTS XY_ Y] W| WUSTU
Θ′ ∼ m2ε2  mε
h
ygT algTUYf`X `RZXTa W| ~kf
`UT
Θ (∠~pi~kf )
k
Θfk (∠~pf~kf )
`RS
ϕ
k ]gT `RZXT \ T]^TTR ]gT
af`]]TUYRZ lX`RT ÊjelX`RTË `RS ]gT lX`RT k al`RRTS \m ]gT VTf]WUa
~pi
`RS ~kf
h
« §
sT fWbXS g`VT fgWaTR ]gT fWWUSYR`]T ama]T_ YR ` SYvTUTR] _`RRTU k \b] aYRfT ^T
`UT YR]TUTa]TS YR ]gT Tl XYfY] |WU_ W| ]gT af`]]TUYRZ `RZXT
Θ′
`RS ]gT ²R`X lWX`UYj`]YWRa
UT|TUUTS ]W ]gT ZU`VY]WR _W_TR]b_ ~k
`RS RW] ]W
~pi
WU
~pf
k ]gTUT Ya WRXm ]gT aTXTf]YWR
SWRT `\WVT h ygT _W_TR]b_ ]U`Ra|TU
~q = ~pf +~k − ~pi ]W ]gT T]TUR`X lW]TR]Y`X φN (~q) Ya
f`XfbX`]TS ^ Y]g ]gT gTXl W|
~n = ~pi|~pi|
`RS ]gT l X`RT fWaYRT YSTR]Y]m
a2 = b2+ c2−2bc cosα
`a
|~q|2 = |~n× ~q|2 + |~n · ~q|2
= ε2Θ′ 2 + ω2 sin2Θ+ 2εωΘ′ sinΘ cosϕ+ ω2 cos2Θ
Ê³ h}³Ë
^gYfg bRSTU ]gT `\WVT `aab_l]YWRa \ TfW_ Ta
|~q|2 ≈ ε2Θ′ 2 + ω2 cos2Θ Ê³ h}«Ë
QR WUSTU ]W lYfn ]gT XT`SYRZ ]TU_ Wb] W| ³ h}« k WRT g`a ]W Y_lWaT ω2
ε2Θ′2  1
h ygTR k
]gT TlUTaaYWR |WU ]gT _W_TR]b_ ]U`Ra|TU ]W ]gT T]TUR`X ²TXS \ TfW_ Ta
|~q|2 ≈ ε2Θ′ 2 Ê³ h}µË
^gYfg fWYRfYSTa ^ Y]g Ô}µÖ h tYRfT k YR ]gT fWbUaT W| ]gT f`XfbX`]YWR k ^T ^ YXX W|]TR UT|TU
]W ]gTaT `aab_l]YWRa k Y] Ya fWRVTRYTR] ]W ST²RT ]gT_ `a ]gT  øÙÐÒøﬀ¡ØáÙÜÏÒÙÒÏÛÐÙÚ¡
÷ áÓﬀ ÑÑÒáÙà Ú Ùùù áÛ¢ Ïﬀ ÙÒÏÛÐö YR agWU]
QGB
e`llUW Y_ `]YWR ^gYfg `UT ab__`UYjTS `a |WXe
XW^ a
ω  ε
m  ε
ω2  m2
ω2  ε2Θ′ 2
Θ′  m/ε
Θ ∼ m/ε
GNMm  1
Ê³ h}´Ë
«}
ygT X`a] fWRSY]YWR Ya SbT ]W ]gT xWUR `llUW Y_ `]YWR _ T]gWS |WU ]gT fX`aaYf`X Te
]TUR`X ²TXS h ygT `RZXT
Θfk
Ya TlUTaaTS ]gUWbZg ]gT algTUYf`X `RZXT
Θ
W| ]gT ZU`VY]WR
_W_TR]b_ ~k
^Y]g ]gT gTXl W| ]gT algTUYf`X fWaYRT YSTR]Y]m `a
cosΘfk = cosΘ cosΘ
′ +
sinΘ sinΘ′ cosϕ
h Q| ^T RW^ T`_ YRT ]gT TlUTaaYWR |WU ]gT aY_lXY²TS _ `]UY TXT_ TR]
³ h}ª k ^T UTfWZRYjT ]gT |W XXW^ YRZ å Y| ^T RTZXTf] YR \W]g k ]gT Rb_TU`]WU `RS ]gT STe
RW_ YR`]WU WUSTU
O(mε )
k ]gTR ]gT ^gWXT TlUTaaYWR ^WbXS V`RYag h sT ]gba nTTl YR
lUYRfYlXT YR ]gT Rb_TU`]WU WUSTU
O(mε )
`RS RTZXTf] Y] WRXm YR ]gT STRW_ YR`]WU `a
(1−v cosΘfk)→ (1−v cosΘ−vΘ′ sinΘ cosϕ)→ (1−v cosΘ) h oWU X`]TU fWRVTRYTRfT k ^T
XT]
Θfk
\T YRSYf`]TS ^gTUTVTU RTTSTS aYRfT Y] Ya fUbfY`X ]W g`RSXT
Θfk
lUWlTUXm W]gTU^ YaT
]gT UTabX] SYVTUZTa h ygT fWblXYRZ fWRa]`R]
κ
Ya ZYVTR YR ]gT ÝT^]WRY`R XY_ Y] ]gUWbZg k |WU
T`_lXT k ]gT f`Xfb X`]YWR W| ZU`VY]`]YWR`X af`]]TUYRZ W| ]^W _ `aaTa Ô±Ö \m
κ2 = 32piGN
h
ygTR k ^T ²RS |WU ]gT _`]UY TXT_ TR] W| ]gT ]^W gTXYfY]m a]`]Ta ±2
M± ≈ 2iG
2
NMm
pi
3
2ω
√
ωε2Θ′ 2
· ερσ∗± (~k)
(
− pfρ(pf + k)σ
(1− v cosΘfk) +
piρ(pi − k)σ
(1 − v cosΘ)
)
Ê³ h}±Ë
^gTUT ]gT am__T]Um YR ]gT YRSYfTa
ρσ
`ffWUSYRZ ]W ]gT SYafbaaYWR YR aTf]YWR ª h§hª h Ya
baTS h sT RW^ `\\UTVY`]T `a
QAρσ = pfρ(pf + k)σ
QBρσ = piρ(pi − k)σ
Ê³ h}ÕË
`RS
A =
2iG2NMm
pi
3
2ω
√
ωε2Θ′ 2
a1 =
1
(1 − v cosΘfk)
a2 =
1
(1 − v cosΘ)
Ê³ hª¹Ë
ygTR k YR ]gT XY_ Y] W| ]gT
QGB
e`llUW Y_ `]YWR k ]gT _`]UY TXT_ TR] |WU _ `aaXTaa ZU`Ve
Y]`]YWR`X xUT_ aa]U`gXbRZ \TfW_ Ta
M± ≈ A ερσ∗± (~k)
{−a1QAρσ + a2QBρσ} Ê³ hª §Ë
¶ u u¶ ¼ £     ¬¡
ygT af`]]TUYRZ fUWaa aTf]YWR YR ]gT X`\WU`]WUm |U`_ T Ya ZYVTR k `ffWUSYRZ ]W Ô§Ö k \m
dσ(k) = (2pi)2
Ei
|~pi| d
3pf d
3k δ(Ef + Ek − Ei) |M(pi, pf , k)|2 Ê³ hª}Ë
ygT SYvTUTR]Y`Xa `UT ^UY]]TR `a
d3pf = ~p
2
f d |~pf | dΩf = Ef |~pf | dEf dΩf
d3k = E2k dEk dΩk
«ª
^Y]g ]gT algTUYf`X `RZXTa
dΩk = sinΘ dΘ dϕ
`RS
dΩf = 2pi sinΘ
′ dΘ′
aYRfT
dϕf
f`R \T SYUTf]Xm YR]TZU`]TS Wb] h QRaTU]YRZ ]gYa YR]W ]gT af`]]TUYRZ fUWaa
aTf]YWR ³ hª} k ^T f`R lTU|WU_ ]gT
dEpf
YR]TZU`]YWR
dσ (Ek) = (2pi)
2EiE
2
k |~pf |
|~pi| dEk
∫
dEf Ef δ (Ef + Ek − Ei) |M (pi, pf , k)|2 dΩf dΩk
= (2pi)2
Ei (Ei − Ek)E2k |~pf |
|~pi| dEk |M ((Ei − Ek), Ek, Ei)|
2
dΩf dΩk
Ê³ hªªË
QR ]gT f`aT W| UT`X xUT_ aa]U`gXbRZ k ^T g`VT ]W ab_ WVTU ]gT ]^W lWX`UYj`]YWR STZUTTa
W| |UTTSW_ ^gTR TV`Xb`]YRZ ]gT fUWaa aTf]YWR h QR ]gT XY_ Y] W| ]gT
QGB
e`llUW Y_ `]YWR
ab\

Tf] ]W ª hªª k ]gT af`]]TUYRZ fUWaa aTf]YWR \TfW_ Ta
dσ(ω) ≈ (2pi)2ε2ω2 dω dΩf dΩk
∑
±
|M±|2
QR]TZU`]YRZ WVTU ]gT algTUYf`X `RZXTa XT`VTa
dσ (ω)
dω
≈ (2pi)2ε2ω2 dΩf
∫ ∑
±
|M±|2 dΩk
≈ (2pi)2ε2ω2 2piΘ′ dΘ′ 8v
2G4NM
2m2
3pi2ω3Θ′ 2
≈ 64piG
4
NM
2m2ε2
3ωΘ′
dΘ′
Ê³ hª³Ë
^gTUT
∫ ∑
± |M±|2 dΩk
Ya ]gT a
w
b`UTS _ `]UY TXT_TR] `ffWUSYRZ ]W x h§« k YR]TZU`]TS
WVTU ]gT algTUYf`X `RZXTa YR ]gT XY_ Y]
v2 → 1 h tTT `llTRSY ¨ k |WU ST]`YXa W| ]gT f`Xfbe
X`]YWR h
QR WUSTU ]W _ `nT fWR]`f] ]W ]gT fX`aaYf`X ]gTWUmk ^T Y_lWaT ]gT UTX`]YWR \T]^TTR ]gT
af`]]TUYRZ `RZXT
Θ′
`RS ]gT Y_l`f] l`U`_ T]TU
ρ
YR ]gT lUTaTRfT W| ` ÝT^]WRY`R ²TXS h QR
]gT UTX`]YVYa]Yf UTZY_ T k ]gT UTX`]YWR Ya ZYVTR \m ÔµÖ
Θ′ =
2GNM
ρβ2
(1 + β2)
^gYfg UTSbfTa YR ]gT bX]U` UTX`]YV Ya]Yf f`aT ]W
Θ′ ≈ 4GNM
ρ
«³
QRaTU]YRZ YR]W ³ hª³ ZYVTa
dσ(ω)
dω
≈ 64piG
4
NM
2m2ε2
3ωρ
dρ
ygT TRTUZm fUWaa aTf]YWR k ST²RTS `a
dE
dω
=
ω dσ
2piρ dρ dω
\TfW_ Ta
dE
dω
≈ 32G
4
NM
2m2ε2
3ρ2
`RS ^ Y]g
γ = εm
k ^T `UUYVT `] ]gT ²R`X UTabX] |WU ]gT alTf]U`X SYa]UY\b]YWR YR ]gT
_ `aaXTaa f`aT
dE
dω
≈ 32G
4
NM
2m4γ2
3ρ2
Ê³ hª«Ë
^gYfg SWTa RW] STl TRS WR ]gT |UT
w
bTRfm
ω
h QR WUSTU ]W YR]TZU`]T ³ hª« ]W ]gT ]W]`X
TRTUZm U`SY`]TS
Etot =
∫ ωth
0
dE
dω
dω
Ê³ hªµË
^T _ba] ²RS ` V`XbT |WU ]gT ]gUTagWXS |UT
w
bTRfm
ωth
^gYfg k |UW_ ]gT lWYR] W| VYT^ W|
` |WU^`US W\aTUVTU k ST]TU_ YRTa ]gT U`RZT \T]^TTR ]gT XW^e `RS gYZge|UT
w
bTRfm UTZY_ T h Q]
Ya fXT`U ]g`] |WU ` ZTRTU`X SYafbaaYWR k ^T f`RRW] STSbfT
ωth
|UW_ nYRT_ `]Yf`X `UZb_ TR]a h
QR WUSTU ]W fW_l`UT ^ Y]g fX`aaYf`X UTabX]a k ^T YRaTU] ]gT fX`aaYf`X V`XbT ÊÔª³ÖË
ωth ≈ γ/ρ
YR ³ hªµ k `RS ²RS ]gT ]W]`X TRTUZm U`SY`]TS \m ` aYRZXT TRfWbR]TU
Etot ≈ 32G
4
NM
2m4γ3
3ρ3
Ê³ hª´Ë
ãbU UTabX] ³ hª« |WU ]gT al Tf]U`X SYa]UY\b]YWR f`R \T fW_l`UTS ^ Y]g ]gT ^WUn \m
ØÙÚÒÑÛÜ T] `X h Ô}µÖ h QR WUSTU ]W `VWYS fb_\TUaW_ T ]TRaWUY`X TlUTaaYWRa k ]gTm ]UT`]TS `
]Wme_WSTX W| af`X`U
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ h ygTYU UTab X] |WU ]gT alTf]U`X
SYa]UY\b]YWR
dE
dω
≈ 16(fGNMm)
2γ2
3piρ2
^gTUT
f
Ya ]gT fWblXYRZ fWRa]`R] |WU ]gT xUT_ aa]U`gX ZU`VY]WR k `ZUTTa ^ Y]g ³ hª« bl ]W
` |`f]WU W| ]^W `RS ]gT fWblXYRZ fWRa]`R] h ygT |`f]WU W| ]^W WUYZ YR`]Ta |UW_ ]gT STZUTTa
W| |UTTSW_ W| ]gT xUT_ aa]U`gX ZU`VY]WR k ` aYRZXT WRT YR ]gT af`X`U ]UT`]_ TR] \m ØÙÚÒÑÛÜ
T] `X h `RS ]^W YR ]gT ]TRaWUY`X f`XfbX`]YWR h tYRfT ØÙÚÒÑÛÜ T] `X h ]UT`]TS ` ]Wm _WSTX W|
af`X`U xUT_ aa]U`gXbRZ k ]gTm ^TUT RW] `XXW^TS ]W fW_l`UT ]gTYU UTabX] ^ Y]g ` UT`XYa]Yf
fX`aaYf`X f`XfbX`]YWR h ygTm `X]TUR`]YVTXm l TU|WU_ TS `R YRSTl TRSTR] fX`aaYf`X f`XfbX`]YWR
`RS UTfWVTUTS ]gTYU UTabX] W| ]gT al Tf]U`X SYa]UY\b]YWR YR ]gT xWUR `llUW Y_ `]YWR W|
w
b`R]b_ ]gTWUmh
tW k lbag YRZ ]gT `UZb_ TR]a ]W ]gT T]UT_ T k `XUT`Sm WR ]gT XTVTX W| fW_l`UYRZ WbU
UTabX] ^ Y]g ]gT ^WUn \m ØÙÚÒÑÛÜ T] `X k ^T _ `m a`m ]g`] WbU UTabX] `ZUTTa ^ Y]g ]gT
««
fX`aaYf`X ]gTWUm bl ]W ` Rb_TUYf`X |`f]WU W| WUSTU
O(1)
h sT ^ YXX S Yafbaa YR ]gT RT]
aTf]YWR V`UYWba fX`aaYf`X `llUW`fgTa `RS ]gT fWUUTalWRSTRfT ]W WbU UTabX] h
¶ u u» ® ¤    ¡
[ffWUSYRZ ]W ]gT SYafbaaYWR YR aTf]YWR ³ h§hª k ]gT UTabX]a YR ]gT
QGB
e`llUW Y_ `]YWR `XXW^
|WU ]gT fW_l`UYaWR ^ Y]g ]gT fX`aaYf`X ]gTWUmh ygT nTm lWYR] W| ]gYa fW_l`UYaWR XYTa YR
]gT TlUTaaYWR |WU ]gT ]gUTagWXS |UT
w
bTRfm
ωth
^gYfg \WbRSa ]gT XW^ |UT
w
bTRfm UTZY_T h
QR W]gTU ^WUSa k
ωth
`f]a `a ` fb]eWv l`U`_ T]TU |WU ]gT XW^ |UT
w
bTRfm `llUW`fg h ygTUT
g`VT \TTR YRVTa]YZ`]YWRa WR fX`aaYf`X ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ \m _ `Rm `b]gWUa YR
]gT aY]YTa `RS aTVTR]YTa h ygT fX`aaYf`X lYf]bUT _ `YRXm fWRaYa]a W| ]^W _`aaYVT \WSYTa
Êa]`Ua k lX`RT]a k \X`fn gWXTaË k ÌmYRZ l`a] T`fg W]gTU YR `R bR\WbRS WU\Y] k STÌTf]YRZ ]gTYU
]U`

Tf]WUYTa `RS U`SY`]YRZ ZU`VY]`]YWR`X ^`VTa h QR ]gT |WXXW^ YRZ k ^T ^ YXX SYafbaa WR Xm ]gT
_Wa] Y_lWU]`R] ^WUna h
¥ ÓÒÓáÑ ÔªÕÖ STUYVTS ]gT ]W]`X TRTUZm U`SY`]TS \m ` aYRZXT TRfWbR]TU YR ]gT XY_ Y] W|
` a_ `XX _ `aa
m
k _ WVYRZ ]gUWbZg ]gT ZU`VY]`]YWR`X ²TXS YRSbfTS \m ` gT`Vm _ `aa
M
Y hT h
m  M `RS W| a_ `XX STÌTf]YWR `RZXT Y hT h X`UZT Y_l`f] l`U`_ T]TU h ×T a]bSYTS ]gT
l TU]bU\`]YWR YR ]gT tfg^`UjafgYXS _ T]UYf W| ]gT \WSm ^ Y]g _ `aa
M
\m ]gT a_`XX _ `aa
m
^gYfg ^`a `XXW^TS ]W _WVT ^ Y]g `Rm VTXW fY]m XTaa ]g`R
c
h  ÛÜÙßÑ¦ §à ÛáÐÓ Ôª³Ö a]bSYTS
]gT lUW\XT_ YR ` _WUT ZTRTU`X ^`mk YR SYvTUTR] VTXW fY]m UTZY_Ta `RS aTTR |UW_ SYvTUTR]
W\aTUVTU lWYR]a ^ Y]gWb] UTa]UYf]YWRa WR ]gT _ `aaTa h ygTm baTS ]gT lWa]XYRT`U ^`VTe
ZTRTU`]YWR |WU_ `XYa_  k ` ^T`n ²TXS |WU_ `XYa_ k `llUWY_ `]YRZ ]gT a]UTaaeTRTUZm ]TRaWU
`RS ]gT ZU`VY]`]YWR`X ²TXS h ygTYU UTabX]a f`R WRXm \ T fW_l`UTS WR ]gT XTVTX W| ]gT ]W]`X
TRTUZm U`SY`]TS Etot h xW]g ]UT`]_ TR]a f`_ T bl ^ Y]g Etot ∼ γ3/ρ3 k Y hT h ]gT |bRf]YWR`X
STlTRSTRfT W| ]gYUS WUSTU YR ]gT Z`__` |`f]WU `RS ]gYUS WUSTU YR ]gT YRVTUaT Y_l`f]
l`U`_T]TU h ygYa `ZUTTa ^ Y]g ³ hª´ h
ygTUT g`VT \TTR W]gTU `llUW`fgTa\ ]W ZU`VY]`]YWR`X xUT_ aa]U`g XbRZ k R`_ TXm ]gT
zTUWeoUT
w
bTRfmeqY_ Y] ÊzoqË \m Þﬀ Ùáá Ô³ §Ö k ygT T]gWS W| p YU]b`X db`R]` ÊpdË
\m ¨ ÙÒ©ÐÓá¦ª øÒóø Ôª´Ö `RS ]gT ¨WXXYSYRZ © X`RT s`VTa Ê¨©s Ë `llUW`fg \m « ¬Î ÙÒà
Ô}}Ö h ygTm `XX STUYVTS ]gT ]W]`X TRTUZm U`SY`]TS \m ` aYRZXT TRfWbR]TU `RS UTfTYVTS ]gT
Etot ∼ γ3/ρ3 STlTRSTRfT h WUTWVTU k YR ]gT V`UYWba `llUW`fgTa k ]gT ]gUTagWXS |UTwbTRfm
ωth
]bURTS Wb] ]W \T
ωth ∼ γρ
|WU ` |WU^`US UTZYWR W\aTUVTU h
ãRT Y_lWU]`R] lWYR] ]W _ TR]YWR Ya ]gT U`RZT W| V`XYSY]m W| ]gT UTabX]a W\]`YRTS YR ]gT
xWUR `llUW Y_ `]YWR W|
w
b`R]b_ ]gTWUmh tYRfT ]gT T]TUR`X ²TXS Ya Tl`RSTS YR WUSTUa
W|
GNMm
k ]gT fWRSY]YWR
GNMm  1 _ba] gWXS YR WUSTU ]gT ²Ua] xWUR `llUW Y_ `e
]YWR ]W \T ]gT _ `YR fWR]UY\b]YWR YR ]gT Tl`RaYWR W| ]gT T]TUR`X ²TXS h [ffWUSYRZ ]W
]gT SYafbaaYWR YR Ôª³Ö k ]gTUT `UT RW `a]UWlgmaYf`X fWR²ZbU`]YWRa a`]Ya|m YRZ ]gT fWRSY]YWR
GNMm  1 aYRfT UT`aWR`\XT TRfWbR]TU VTXW fY]YTa `RS V`XbTa W| a]TXX`U _ `aaTa Êa]`Ua k
lX`RT]a k \X`fn gWXTaË XYT YR SYvTUTR] UTZY_ Ta h ygba k ]gT TlTUY_ TR]`X S`]` W| `a]UWlgmae
Yf`X aWbUfTa W| ZU`VY]`]YWR`X ^`VTa SW RW] lUWVYST ` U`RZT WVTUX`ll YRZ ^ Y]g ]gT UTabX]
W\]`YRTS |UW_ ]gT xWUR `llUW Y_ `]YWR h ãRT ²RSa k ]g`] ]gT V`XYSY]m W| ]gT UTabX]a YR ]gT
xWUR `llUW Y_ `]YWR XYT YR ]gT U`RZT W| `]W_ Yf _`aaTa h
ÝTVTU]gTXTaa k ^T _ `m fWRfXbST k ]g`] _ `aaXTaa ZU`VY]m `a `
w
b`R]b_ Z`bZT ]gTWUm YR
]gT aTRaT W| f`ba`X l TU]bU\`]YWR ]gTWUm `XXW^ a ba ]W UTfWVTU ]gT ]gTWUT]Yf`X UTab X]a W| ]gT
fX`aaYf`X ]gTWUm YRSTl TRSTR]Xmh
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ygT STUYV`]YWR W| ]gT te_ `]UY TXT_ TR] |WU _ `aaYVT ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ Ya
SWRT YR fW_lXT]T `R`XWZm ]W ]gT _ `aaXTaa f`aT h [ffWUSYRZ ]W aTf]YWR ª hª k ]gT _ `aaYVT k
`am_l]W]Yf al YRe} ²TXS k UTlUTaTR]YRZ ]gT _ `aaYVT ZU`VY]WR k fWblXTa ]W _ `]]TU YR ]gT
a`_ T ^`m `a ]gT _ `aaXTaa ²TXS SWTa h ygT a`_ T Ya ]UbT |WU ]gT ]UYXYRT`U fWblXYRZ `RS ]gT
w
b`U]Yf fWblXYRZ YR ]gT XY_ Y] W| a_ `XX ZU`VY]WR _ `aa] h ygTUT|WUT k ]gT _ `aaYVT f`ba`X
SYa]UY\b]YWR
T2(x1 − x2) Ya YSTR]Yf`X ]W ]gT WRT YR ]gT _`aaXTaa f`aT `RS ^T f`R SYUTf]Xm
ZW WVTU ]W ]gT STUYV`]YWR W| ]gT te_ `]UY TXT_ TR] h ygT _`YR SYvTUTRfT YR Y]a f`XfbX`]YWR
]W ]gT _ `aaXTaa f`aT XYTa YR ]gT ST²RY]YWR W| ]gT ²R`X a]`]T
φf
h [ffWUSYRZ ]W aTf]YWR
ª h} h} k ]gT _ `aaYVT ZU`VY]WR `a ]gT `am_l]W]Yf al YRe} l`U]YfXT f`UUYTa aY lgmaYf`X STZUTTa
W| |UTTSW_ h ygTm fWRaYa] W| `S_ Y]bUTa W| ]U`fTXTaae k ]U`fTe `RS \WaWR Yf VTf]WU ZgWa]
STZUTTa W| |UTTSW_ h tYRfT k ab\

Tf] ]W ]gT SYafbaaYWR YR aTf]YWR ª h} hª k ]gT lWX`UYj`]YWR ab_
WVTU ]g Ya aY lgmaYf`X STZUTTa W| |UTTSW_ f`RRW] \ T ^UY]]TR YR ]TU_ a W|
kµ
k
k˜µ
`RS
ηµν
^Y]g ]gT UYZg] ]U`Ra|WU_ `]YWR lUWlTU]YTa `a Y] ^`a ]gT f`aT YR ]gT _ `aaXTaa |U`_ T^WUn k
^T g`VT ]W STUYVT |WU T`fg TR]YUT _`aaYVT lgmaYf`X STZUTT W| |UTTSW_ Y]a _ `]UY TXT_ TR] h
QR SWYRZ ]gYa k ^T ^ YXX \ T `\ XT ]W l TU|WU_ ]gT XY_ Y] W| jTUW ZU`VY]WR _`aa `RS ]W fW_l`UT
]gT UTabX] ^ Y]g ]gT _ `aaXTaa _ `]UY TXT_ TR] `ffWUSYRZ ]W ³ h}} ^gTR fgWWaYRZ `R TlXYfY]
fWWUSYR`]T ama]T_ h ygYa Ya k YR `R`XWZm ]W ]gT _ `aaXTaa f`aT k
kµ = (ω, 0, 0, k3)
l`U`XXTX ]W
]gT ªe` Ya ^ Y]g
kµkµ = m
2
0
h
ygT ²R`X a]`]T |WU ` ²TS k RWU_`XYjTS k _ `aaYVT STZUTT W| |UTTSW_
aˆ = 1, . . . , 6
f`R
\T ^UY]]TR |WU ²TS ]gUTTe_ W_TR]b_ ~kf
`a
hfaˆ = ΩGaˆ
(
Aρσ , d, bδ
)
(~kf ) := ΩGaˆ(ρσδ) (~kf )
Ê³ hª±Ë
^gTUT
Aρσ
k
d
k
bρ
`UT ]gT `RRYgYX`]YWR WlTU`]WUa |WU ]gT ]U`fTXTaae ÊalYRe}Ë k ]gT ]U`fTe
ÊalYRe¹Ë `RS ]gT \WaWRYf VTf]WU ZgWa] STZUTT W| |UTTSW_ k UTalTf]YVTXmh
Gaˆ(ρσδ)
Ya ` XYRT`U
|bRf]YWR ^ Y]g ab\afUYl]
(ρσδ)
YRSYf`]YRZ ]gT YRSYfTa W| ]gT fWUUTalWRSYRZ `RRYgYX`]YWR
WlTU`]WUa h [ffWUSYRZ ]W ª h±± k ]gT ²R`X a]`]T _ `m \T ^UY]]TR `a ` aY ]bl XT
~hf = Ω


c1A
†
12
c2
(
im1
k3
(
A33 −A11
)
+ b3
)
c3
(
2im1
k3
A23 + b2
)
c4
(
2im1
k3
A13 + b1
)
c5
(
im1
2(m21+k
2
3)
(
2k3A03 +
√
2m21 + k
2
3 d
)
+ b0
)
c6
(
A22 −A11
)


(~kf ) := Ω ~G(ρσδ) (~kf )
Ê³ hªÕË
^gTUT ]gT SY`ZWR`X `RRYgYX`]YWR WlTU`]WUa
A˜µν
`UT ]U`Ra|WU_ TS \`fn ]W ]gT UTZbX`U
ﬂ
o
T& - ="&- M- "2 4#%5 +-%-+"&%* 8# 3 ,,-#%*)&4 > - 3 %,,
m0
"2 - 4#%5+-"& +, ,3 %** ="3@%# $ -"
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ϕ(x)
A
«´
Aµν
WRTa h ygT fWRa]`R]a
c1 . . . c6
`UT STUYVTS \m RWU_`XYjYRZ ]gT lgmaYf`X a]`]Ta
ψ1ˆ . . . ψ6ˆ
`RS `UT ZYVTR \m ª h±} e ª h±´ h
Í aYRZ ]gT `R`XWZm |UW_ ³ h³ `RS ³ h« k ]gT YRY]Y`X `RS ²R`X a]`]T YR ]gT _ `aaYVT f`aT
]`nT ]gT |WU_
φi = a
†
1(~pi)Ω
~φf = Ω a1(~pf ) ~G(ρσδ) (~kf )
Ê³ h³¹Ë
^gTUT
pµi = (Ei, ~pi)
k
pµf = (Ef , ~pf )
`RS
kµ = (Ek, ~kf )
`UT `Z`YR ]gT |WbUe_ W_TR]`
W| ]gT af`X`U ²TXS
ϕ(x)
`RS ]gT xUT_ aa]U`gX ZU`VY]WR k UTal Tf]YVTXmh Q| ^T RW^ ]UT`] `Z`YR
]gT
ϕ
eaTf]WU `RS ]gT
h
eaTf]WU aTl`U`]TXmk Y hT h
ϕi = a
†
1(~pi)Ω
k
ϕf = Ωa1(~pf )
k
hi = Ω
`RS
~hf = Ω~G(ρσδ)(~kf )
k ^T g`VT
φi = ϕi hi
~φf = ϕf ~hf
QR fWRaT
w
bTRfT W| ³ hªÕ k ]gT te_ `]UY TXT_ TR] \ TfW_ Ta ` aY ]blXT k ]WW h [Z`YR ^T
a]`U] ^ Y]g ]gT f`XfbX`]YWR |WU ]gT SY`ZU`_ [ h [ffWUSYRZ ]W ³ hµ k ]gT _`aaYVT te_ `]UY
TXT_ TR] Ya
(
~φf , S
A
2 φi
)
=
1
2
∫
d4x1 d
4x2
(
ϕf~hf , T2(x1, x2)ϕihi
)
=
1
2
∫
d4x1 d
4x2
(
ϕf , T
ϕ
2 (x1, x2)ϕi
)(
~hf , T
h
2 (x1, x2)hi
)
^gTUT
Tϕ2
k
T h2
`UT `Z`YR ]gT aTfWRS WUSTU f`ba`X SYa]UY\b]YWRa fWR]`YRYRZ ]gT ²TXS
WlTU`]WUa
ϕ(x)
`RS
hµν(x)
k UTal Tf]YVTXmh ygT
ϕ
eaTf]WU ]`nTa ]gT a`_ T |WU_ `a YR ]gT
_ `aaXTaa f`aT ^gTUT`a ]gT
h
eaTf]WU \ TfW_ Ta ` aY ]blXT k UTlUTaTR]YRZ ]gT aY _`aaYVT
STZUTTa W| |UTTSW_ h sT ^ YXX lbUabT \m UTlUTaTR]YRZ ]gT ²TXS WlTU`]WU
hµν(x)
`ffWUSYRZ
]W ª h«« k ]W \ T `\ XT ]W fW_l`UT ]gT UTabX]YRZ TlUTaaYWRa ^ Y]g ]gT fWUUTalWRSYRZ _ `aaXTaa
WRTa h [ a `XUT`Sm _ TR]YWRTS k ]gT `f]YWR WR ]gT ²TXS WlTU`]WUa YR ]gT
ϕ
eaTf]WU Ya YSTR]Yf`X
]W ]gT WRT YR ]gT _ `aaXTaa f`aT `RS ]gT `f]YWR YR ]gT
h
eaTf]WU ]`nTa ]gT |WU_
(
~hf , h
µν(x2) + v
µ(x2) =
(
~hf , H
µν(x2) +
1
4
ηµνh(x2) + v
µ(x2)
= (2pi)−
3
2
∫
d3k√
2Ek
eikx2
(
Ω, ~G(ρσδ)(~kf )
(
ηµµ ηνν A†µν(~k)−
1
4
ηµν d†(~k)
)
= (2pi)−
3
2
∫
d3k√
2Ek
eikx2
(
Ω, ηµµ ηνν
[
~G(ρσδ)(~kf ), A
†
µν(
~k)
]
︸ ︷︷ ︸
:=~F1(t(ρσ)µν ) δ(~k−~kf )
− 1
4
ηµν
[
~G(ρσδ)(~kf ), d
†(~k)
]
︸ ︷︷ ︸
:=~F2(ηµν ) 4δ(~k−~kf )
Ê³ h³ §Ë
«±
^gTUT ]gT fWR]UY\b]YWR |UW_ ]gT \WaWRYf VTf]WU ZgWa]
vµ(x2)
V`RYagTa \ Tf`baT Y]
SWTa RW] fWblXT ]W ]gT af`X`U ²TXS YR fWRaT
w
bTRfT W| ª h§}Õ h ygT XYRT`U fW__b]`]YWR
|bRf]YWR ~F1(t
(ρσ)µν)
Ya ZYVTR \m
~F1(t
(ρσ)µν) =


c1 t
12µν
c2
im1
k3
(
t33µν − t11µν
)
c3
2im1
k3
t23µν
c4
2im1
k3
t13µν
c5
im1k3
(m21+k
2
3)
t03µν
c6
(
t22µν − t11µν
)


Ê³ h³}Ë
`RS ~F2(η
µν)
\m
~F2(η
µν) =


0
0
0
0
c5
im1
√
2m21+k
2
3
2(m21+k
2
3)
ηµν
0


Ê³ h³ªË
ãRT UTfWZRYjTa ]g`] ]gT fWR]UY\b]YWRa YR ~F1(t
(ρσ)µν)
g`VT `XUT`Sm \TTR f`XfbX`]TS
YR ]gT _ `aaXTaa f`aT k ab\a]Y]b]YRZ ]gT alTfY²f YRSYfTa |WU
(ρσ)
h ygTUT|WUT ^T g`VT ]W
f`XfbX`]T `SSY]YWR`XXm ]gT fWR]UY\b]YWR YR ~F2(η
µν)
|UW_ ]gT ]U`fT ÊalYRe¹Ë `RRYgYX`]YWR
WlTU`]WU
d
YR WUSTU ]W ST]TU_ YRT ]gT TR]YUT _ `]UY TXT_ TR] |WU T`fg _ `aaYVT STZUTTa W|
|UTTSW_ h oWXXW^ YRZ ]gT a`_ T lUW fTSbUT `a YR ]gT _ `aaXTaa f`aT k ^T ²RS ]gT _`aaYVT
te_ `]UY TXT_ TR] |WU ]gT SY`ZU`_ [
(
~φf , S
A
2 φi
)
= δ(Ef + Ek − Ei) iκ
2pi−
5
2 GNMm
8
√
EiEfEk
∣∣∣ ~pf + ~k − ~pi ∣∣∣2 ·
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − i
·
(
~F1(t
(ρσ)µν) pfµ(pf + k)ν − ~F2(ηµν)
[
pfµ(pf + k)ν − m
2
2
ηµν
])
Ê³ h³³Ë
^gTUT YR ]gT |WXXW^ YRZ k ^T ^ YXX `\\UTVY`]T
«Õ
B :=
iκ2pi−
5
2 GNMm
8
√
EiEfEk
∣∣∣ ~pf + ~k − ~pi ∣∣∣2
Ê³ h³«Ë
QR fWRaT
w
bTRfT W| ³ h³³ k ^T _ `m ^UY]T ]gT _ `aaYVT _ `]UY TXT_TR] `a ` aYe]blXT ~M k
]WW h QR ]gT fWRaYSTUTS XY_ Y] W| ]gT
QGB
e`llUWY_ `]YWR ^gTUT ]gT SY`ZU`_ a ¨ `RS º
SW RW] fWR]UY\b]T ]W ]gT ]W]`X _ `]UY TXT_ TR] k ]gT YRSYVYSb`X TR]UYTa W| ~MA+B |UW_ ]gT
SY`ZU`_ a [ `RS x k a]YXX T`f] YR ]gT SmR`_ Yf`X V`UY`\XTa k `UT
MA+B1 = c1B
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
1
2
[
p1f (pf + k)
2 + p2f(pf + k)
1
])
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
1
2
[
p1i (pi − k)2 + p2i (pi − k)1
])}
`RS
MA+B2 = c2B
im1
k3
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
p3f(pf + k)
3 − p1f (pf + k)1
)
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
p3i (pi − k)3 − p1i (pi − k)1
)}
`RS
MA+B3 = c3B
2im1
k3
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
1
2
[
p2f (pf + k)
3 + p3f (pf + k)
2
])
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
1
2
[
p2i (pi − k)3 + p3i (pi − k)2
])}
`RS
MA+B4 = c4B
2im1
k3
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
1
2
[
p1f (pf + k)
3 + p3f (pf + k)
1
])
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
1
2
[
p1i (pi − k)3 + p3i (pi − k)1
])}
`RS
µ¹
MA+B5 = c5B
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
im1k3
m21 + k
2
3
[
Ef (pf + k)
3 + p3f(Ef + Ek)
]
− im1
√
2m21 + k
2
3
2(m21 + k
2
3)
[
pfγ(pf + k)
γ − 2m2
])
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
im1k3
m21 + k
2
3
[
Ei(pi − k)3 + p3i (Ei − Ek)
]
− im1
√
2m21 + k
2
3
2(m21 + k
2
3)
[
pfγ(pf + k)
γ − 2m2
])}
ygT X`a] TR]Um W| ]gT _ `]UY TXT_ TR] Ya
MA+B6 = c6B
{
Ei(Ef + Ek)− m22
m2 − (pf + k)2 − iε
(
p2f (pf + k)
2 − p1f (pf + k)1
)
+
Ef (Ei − Ek)− m22
m2 − (pi − k)2 − iε
(
p2i (pi − k)2 − p1i (pi − k)1
)}
Q| ^T RW^ lTU|WU_ ]gT XY_ Y] W| jTUW ZU`VY]WR _ `aa YR ]gT _ `aaYVT _ `]UY TXT_ TR]
~MA+B k WRT UTfWVTUa ]gT fWR]UY\b]YWR |UW_ ]gT _ `aaXTaa f`aT ³ h}} `RS |WbU V`RYagYRZ
TR]UYTa h ygYa Ya SbT ]W ]gT |`f]WU
m0
YR |UWR] W| M2 k M3 k M4 `RS M5 ^gTUT`a ]gT
RWU_ `XYj`]YWR fWRa]`R]a
c1 . . . c6
ZW ]W bRY]m YR ]gT XY_ Y] W| jTUW ZU`VY]WR _`aa h Q] Ya
UT_ `Un`\XT k ]g`] ]gT a_WW]g XY_ Y] YR ]gT lgmaYf`X STZUTTa W| |UTTSW_ `ffWUSYRZ ]W ª h±Õ
Ya RW] alWYXTS \m ]gT STUYV`]YWR W| ]gT _ `]UY TXT_ TR] |WU T`fg _ `aaYVT STZUTT W| |UTTSW_ h
ygTUT|WUT k ^T ²RS ]gT _ `aaYVT _ `]UY TXT_TR] YR ]gT XY_ Y] W| jTUW ZU`VY]WR _`aa `a
µ §
lim
m1↘ 0
~MA+B = B


√
2
{
Ei(Ef+Ek)−m22
m2−(pf+k)2−iε
(
1
2
[
p1f (pf + k)
2 + p2f(pf + k)
1
])
+
Ef (Ei−Ek)−m22
m2−(pi−k)2−iε
(
1
2
[
p1i (pi − k)2 + p2i (pi − k)1
])}
0
0
0
0
1√
2
{
Ei(Ef+Ek)−m22
m2−(pf+k)2−iε
(
p2f (pf + k)
2 − p1f(pf + k)1
)
+
Ef (Ei−Ek)−m22
m2−(pi−k)2−iε
(
p2i (pi − k)2 − p1i (pi − k)1
)}


Ê³ h³µË
ÝW]T k ]g`] ^T WRXm fW_l`UT ]gT _ `aaYVT `RS ]gT _`aaXTaa _ `]UY TXT_ TR] fWR]UY\be
]YWRa |UW_ ]gT SY`ZU`_ a [ `RS x h ygT fWR]UY\b]YWRa |UW_ ]gT SY`ZU`_ a ¨ `RS º ^WbXS
ZYVT aY_ YX`U TlUTaaYWRa \b] `UT RW] UTXTV`R] YR ]gT fWRaYSTUTS XY_ Y] W| ]gT xUT_ aa]U`gX
lUW fTaa h
² ³
ÉÈÇÉ ´ ÈÈèÇÉ µ ÇŁè¶
sT g`VT `R`XmjTS ]gT R`]bUT W|
w
b`R]b_ ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ YR ]gT f`ba`X
|WU_ `XYa_ W| l TU]bU\`]YWR ]gTWUmh ygT bRSTUXmYRZ fWRfTl] W| ZU`VY]m `a ]gT alYRe}
w
b`Re
]b_ Z`bZT ]gTWUmk TX`\WU`]TS |WU ]gT _`aaXTaa `RS _ `aaYVT f`aT k lUWVYSTS ba ^ Y]g ]gT
\`aYf lUYRfYlXTa ]W |bXXm STVTXWl ]gT ]gTWUm ^ Y]gWb] ZYVYRZ bl |bRS`_ TR]`X lUYRfYlXTa h
sT g`VT agW^R ]g`] ]gT aY lgmaYf`X STZUTTa W| |UTTSW_ W| ]gT _`aaYVT ZU`VY]WR y ZW
WVTU a_WW]gXm YR]W ]gT ]^W W| ]gT _ `aaXTaa ZU`VY]WR ^gTUT`a |WbU _ `aaYVT \WaWRYf VTf]WU
ZgWa] STZUTTa W| |UTTSW_ STfWblXT YR ]gT XY_ Y] W| jTUW ZU`VY]WR _`aa h QR f`XfbX`]YRZ ]gT
af`]]TUYRZ fUWaa aTf]YWR `RS ]gT ]W]`X TRTUZm U`SY`]TS k ]gTUT g`VT `UYaTR RW abUlUYaTa
^gTR `llXmYRZ ]gT xWUR `llUW Y_ `]YWR _ T]gWS |WU ]gT fX`aaYf`X T]TUR`X ²TXS h ygT _ `e
]UY TXT_ TR] |WU ZU`VY]`]YWR`X xUT_ aa]U`g XbRZ ^`a f`XfbX`]TS |WU T`fg lgmaYf`X STZUTT W|
|UTTSW_ YR \W]g k ]gT _ `aaXTaa `RS ]gT _ `aaYVT |U`_ T^WUn h Q] g`a \ TTR fWR²U_ TS ]g`]
]gTm ZW WVTU a_WW]gXm YR]W T`fg W]gTU YR ]gT XY_ Y] W| jTUW ZU`VY]WR _`aa h
[ a Y] ^`a _ TR]YWRTS `] ]gT TRS W| aTf]YWR ³ h§k ]gT UTabX]a W\]`YRTS YR fWRaT
w
bTRfT
W| ]gT xWUR fWRSY]YWR k XYT YR ]gT U`RZT W| `]W_ Yf _ `aaTa h ãR ]gT W]gTU g`RS k Y] _ `mk
YR lUYRfYl XT k \ T lWaaY\XT ]g`] `a]UWlgmaYf`X fWR²ZbU`]YWRa T Ya] ^gYfg `_lXY|m ]gT VTUm
]YRm TvTf] W| ZU`VY]`]YWR`X xUT_ aa]U`gXbRZ ]W ` _ `fUWafWlYf k W\aTUV`\XT TvTf] h ©WaaY\XT
f`RSYS`]Ta `UT SWb\XT a]`U ama]T_ a WU Z`X`f]Yf Ìb YSa k lX`a_ `e WU Z`a fXWbSa h Q] _ba] \ T
a]UTaaTS ]g`] SbT ]W ]gT a_WW]g XY_ Y] \T]^TTR ]gT _`aaYVT `RS ]gT _`aaXTaa xUT_ aa]U`gX
ﬂz
_
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µ}
_`]UY TXT_TR] k ]gTUT Ya RW SYafWR]YRbY]m \ T]^TTR ]gT ]^W `llUW`fgTa `RS ]gTUT|WUT
Y] ^ YXX \ T T]UT_ TXm g`US ]W Ub XT Wb] ]gT _ `aaYVT ]gTWUmh ygYa _ T`Ra ]g`] _`aaYVT
ZU`VY]m `a `
w
b`R]b_ Z`bZT ]gTWUm Ya ` XTZY]Y_ `]T f`RSYS`]T ]W \ T ]Ta]TS \m TlTUY_ TR]`X
W\aTUV`]YWRa h
xm SYafbaaYRZ ]gT SYvTUTR] \WbRSa WR ]gT ZU`VY]WR _ `aa k WRT SYa]YRZb YagTa \T]^TTR
Ta]Y_ `]Ta |UW_ ]gT U`SY`]YVT `RS RWReU`SY`]YVT UTZY_ T Ôªµ k ³ª k ³« k « §Ö h xWbRSa |UW_
]gT U`SY`]YVT UTZY_ T `UT \`aTS WR SWb\XT a]`U ama]T_ a `RS YRalYU`XXYRZ fW_l`f] \YR`e
UYTa k ^gTUT |UT
w
bTRfmeagY|]a W| ZU`VY]`]YWR`X ^`VTa SbT ]W ` RWRejTUW ZU`VY]WR _ `aa `UT
TlTf]TS ]W \ T _ T`abUTS h xWbRSa |UW_ ]gT RWReU`SY`]YVT UTZY_ T WUYZYR`]T |UW_ ]gT _WSe
Y²f`]YWR W| ]gT ZU`VY]`]YWR`X lW]TR]Y`X ]W ` äbn`^` ]mlT WU ]gUWbZg x TlXTU a ]gYUS X`^ h
ygT TlTUY_ TR]`X ZU`VY]WR _ `aa bllTU \WbRS U`RZTa \ T]^TTR
mg ∼ 10−19eV −10−32eV h
ygTaT \WbRSa agW^ ]g`] bl ]W RW^ k _ `aaYVT ZU`VY]m l`aaTa `XX Tl TUY_ TR]`X ]Ta]a W| fX`ae
aYf`X ZU`VY]mh
QR UTfTR] mT`Ua Ô}¹ k }Õ k ª±Ö k ]gT UTX`]YWR \T]^TTR ]gT fWa_WXWZYf`X fWRa]`R] `RS ]gT
_ `aa W| ]gT ZU`VY]WR g`a \ TTR XY|]TS ]W ` RT^ SYafbaaYWR WR ]gT ab\

Tf] Ô«¹Ö h  `aaYVT
ZU`VY]m `a ]gT
w
b`R]b_ Z`bZT ]gTWUm ^ YXX lUWVYST ` fWRaYa]TR] |U`_ T^WUn ]W |bU]gTU TX`\e
WU`]T ]gT lUW\XT_ W| ]gT fWa_WXWZYf`X fWRa]`R] ^gTUT ]gT SYafUTl`RfYTa YR ]gT fX`aaYf`X
`llUW`fg k _ TR]YWRTS `] ]gT \TZYRRYRZ k _ `m \T a`YXTS UWbRS h ygT aWXb]YWR W| i YR a]TYR a
T
w
b`]YWR YRfXbSYRZ ` fWa_WXWZYf`X ]TU_ Ya ]gT ST tY]]TU WU `R]Y ST tY]]TU _ T]UYf h QR fWRe
]U`a] k ^T g`VT fWRa]Ubf]TS _`aaYVT ZU`VY]m `a ]gT
w
b`R]b_ Z`bZT ]gTWUm WR  YRnW^ anY
\`fnZUWbRS h tYRfT k XW f`XXmk `XX ]gYa _ T]UYfa \ Tg`VT  YRnW^ anY`R k ]gT _`aaYVT alYRe}
w
b`R]b_ Z`bZT ]gTWUm STafUY\Ta ]gT lgTRW_ TRWR W| ZU`VY]m WR ]gYa a_ `XX af`XT ^gTUT
]gT VTUm fWRfTl] W| ZU`VY]WR Ya UTa]UYf]TS ]W h QR ab__`UYjYRZ ]gT |T`]bUTa _ TR]YWRTS
`\WVT k WRT _ `m ZbTaa ]g`] ]gT lgmaYf`X fWRaT
w
bTRfTa WUYZ YR`]YRZ Wb] W| _ `aaYVT ZU`VY]m
`UT alUT`S WVTU SYvTUTR] UTZY_ Ta W| RW^`S`ma lgmaYfa h
Q] Ya ^WU]g _ TR]YWRYRZ ` |T^ _WUT fWRfTl]b`X |T`]bUTa h QR fW_l`UYaWR ]W _`aaYVT
TXTf]UWSmR`_ Yfa WRT _ `m `an ^g`] ]gTWUmk ]gT _ `aaXTaa WU ]gT _ `aaYVT k ^WbXS \ T ]gT
|bRS`_ TR]`X WRT h oUW_ ]gT lWYR] W| VYT^ W| ]gT × YX\ TU] al`fT a]Ubf]bUT YRSbfTS \m
]gT Z`bZT fg`UZT
Q
`RS ]gT T_TUZYRZ Rb_\TUa W| STZUTTa W| |UTTSW_ k ]gT aY]b`]YWR Ya
aY_ YX`U ]W ]gT TXTf]UW_ `ZRT]Yf f`aT h xb] ^gTR ]`nYRZ ]gT UTX`]YWR \T]^TTR ]gT _ `aa W|
]gT ZU`VY]WR `RS ]gT fWa_WXWZYf`X fWRa]`R] YR]W `ffWbR] k WRT _`m `UZbT ]g`] _`aaYVT
ZU`VY]m `a `
w
b`R]b_ Z`bZT ]gTWUm Ya ]gT |bRS`_ TR]`X WRT `RS ]g`] _ `aaXTaa ZU`VY]m
^ Y]g fWa_WXWZYf`X fWRa]`R]
Λ
Ya Y]a fX`aaYf`X XY_ Y] h ygYa WlYRYWR Ya abllWU]TS \m ]gT |`f]
]g`] fX`aaYf`X _ `aaYVT ZU`VY]m f`RRW] \ T |WU_bX`]TS fWRaYa]TR]Xm ^ Y]gWb] ZYVYRZ bl \`aYf
lUYRfYlXTa h
[ a ` fXWaYRZ a]`]T_TR] k ^T _ `m a]UTaa ]g`] WR ]gT XTVTX W|
w
b`R]b_ ZU`VY]`]YWR`X
xUT_ aa]U`gXbRZ k _ `aaXTaa `RS _`aaYVT ZU`VY]m `a
w
b`R]b_ Z`bZT ]gTWUYTa `UT ]^W RT`U\m
|U`_ T^WUna ^ Y]g T
w
b`XXm XTZY]Y_ `]YWR ^gYfg ZWTa WVTU a_WW]gXm YR]W T`fg W]gTU YR ]gT
XY_ Y] W| jTUW ZU`VY]WR _ `aa h
¿¤ ¬® 
Q ^WbXS XYnT ]W TlUTaa _m ZU`]Y]bST ]W _m `SVYaWU ©UW| h c h tfg`U|
|WU gYa fWRa]`R] `RS _Wa] ZTRTUWba abllWU] SbUYRZ ]g Ya ^WUn h obU]gTU_WUT k Y ]g`Rn ]gT
W fT _ `]Ta k  `U]YR [_\`bTR `RS  Yfg`TX ºr]afg |WU ` XW] W| a]Y_bX`]YRZ SYafbaaYWRa
`RS ]gTYU fUY]Yf`X fW__TR]a h Q ZU`]T|bXXm `fnRW^ XTSZT ]gT YR a]Y]b]T |WU ]gTWUT]Yf`X lgmaYfa
|WU lUWVYSYRZ ]gT YR|U`a]Ubf]bUT `RS QQt zrUYfg |WU ²R`RfY`X abllWU] h Q `_ VTUm ZU`]T|b X
]W tba`RRT q`RZ|UY]j |WU ]gT RYfT ZU`lgYfa h
µª
éêê ÆÉÈ
é ŁÅÇÈŁÉ î
T2(x1, x2)
ygT fWRa]Ubf]YWR W| ]gT f`ba`X SYa]UY\b]YWR
T2
Ya ]gT a`_ T YR ]gT _ `aaXTaa `a YR ]gT
_ `aaYVT f`aT h sT ZYVT `R T`_lXT W| Y]a fWRa]Ubf]YWR |WU ]gT lUWfTaa [ h ygT aTfWRS
WUSTU
T2
|WU ]gT W]gTU lUWfTaaTa Ya f`Xfb X`]TS fW_lXT]TXm `R`XWZWba h ~Tf`XX |UW_ aTf]YWR
³ h§h§k ]gT f`ba`X SYa]UY\b]YWR
D2
k ZYVTR \m
D2(x1, x2) = R
′
2(x1, x2)−A′2(x1, x2)
= Text(x1) T (x2)− T (x2) Text(x1)
= [Text(x1), T (x2)]∼Dm(x1 − x2) Ê[ h§Ë
^gTUT ^T ^ YXX baT ]gT |WXXW^ YRZ X`\ TXYRZ k `ffWUSYRZ ]W ª h§§Õ `RS ª h§}¹ k
Tmext(x1) = iκ
(
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) : −
m2
2
hext(x1) : ϕ
†(x1)ϕ(x1) :
)
Tm(x2) = iκ
(
hµν(x2) : ϕ
†
,µ(x2)ϕ,ν(x2) : −
m2
2
h(x2) : ϕ
†(x2)ϕ(x2) :
)
]gTR k
D2
Ya ZYVTR `ffWUSYRZ ]W [ h§ \m
D2(x1, x2) =
[
Text(x1), T (x2)
]
= − κ2
{[
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) :, h
µν(x2) : ϕ
†
,µ(x2)ϕ,ν(x2) :
]
− m
2
2
[
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) :, h(x2) : ϕ
†(x2)ϕ(x2) :
]
− m
2
2
[
hext(x1) : ϕ
†(x1)ϕ(x1) :, hµν(x2) : ϕ†,µ(x2)ϕ,ν(x2) :
]
+
m4
4
[
hext(x1) : ϕ
†(x1)ϕ(x1) :, h(x2) : ϕ†(x2)ϕ(x2) :
]}
Ê[ h}Ë
ÝW^ ^T g`VT ]W fgWWaT ]gT UTXTV`R] fWR]U`f]YWRa \ T]^TTR ]gT TlUTaaYWRa W| RWU_ `XXm
WUSTUTS ²TXS WlTU`]WUa h tYRfT YR ]gT xUT_ aa]U`gX lUW fTaa k ]gTUT Ya WRXm ]gT _`aaYVT
lUWl`Z`]WU |UW_ ]gT
ϕ
el`U]YfXT k ^T f`R XT`VT ]gT fWR]U`f]YWRa W| ]gT
h
e²TXSa `aYST h QR
ZTRTU`X k ^T g`VT
χ χ † :=
[
χ(−), χ(+)
]
±
^gTUT ]gT
+ sign
a]`RSa |WU |TU_ YWRa `RS ]gT − sign |WU \WaWRa h ygT fWR]U`f]YWR
WVTU ` fW__b]`]WU Ya ZYVTR \m
[
ϕ(x1), ϕ
†(x2)
]
=
[
ϕ†(x1), ϕ (x2)
]
= −iDm(x1 − x2)
µ³
^gTUT
Dm
Ya ]gT WUS`Re©`bXY SYa]UY\b]YWR |WU _ `aa
m
k YR]UWSbfTS YR aTf]YWR } h ygba
^T ²RS k fWR]U`f]YRZ ]gT TlUTaaYWRa fWR]`YRYRZ ]gT af`X`U ²TXS k
D2(x1, x2) = − κ2
{[
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) :, h
µν(x2) : ϕ
†
,µ(x2)ϕ,ν(x2) :
]
− m
2
2
[
hαβext(x1) : ϕ
†
,α(x1)ϕ,β(x1) :, h(x2) : ϕ
†(x2)ϕ(x2) :
]
− m
2
2
[
hext(x1) : ϕ
†(x1)ϕ(x1) :, hµν(x2) : ϕ†,µ(x2)ϕ,ν(x2) :
]
+
m4
4
[
hext(x1) : ϕ
†(x1)ϕ(x1) :, h(x2) : ϕ†(x2)ϕ(x2) :
]}
Ê[ hªË
tYRfT ^T ST`X ^ Y]g \WaWRa k ]gTUT Ya RW _ YRba aYZR `llT`UYRZ \m lTU_b]`]YRZ ]gT ²TXSa h
ygT ²TXS WlTU`]WUa
hαβ(xi)
\TfW_ T RWU_ `XXm WUSTUTS k aYRfT Y]a fWR]U`f]YWR V`RYagTa |WU
]gT lUW fTaa YR
w
bTa]YWR Y hT h
hαβ(x1)h
µν(x2) = : h
αβ(x1)h
µν(x2) : + h
αβ(x1)h
µν(x2)︸ ︷︷ ︸
not considered
ygba ^T ²RS
D2(x1, x2) = − κ2
{
− hαβext(x1)hµν(x2)
(
: ϕ†,α(x1)ϕ,ν(x2) : ∂
x1
β ∂
x2
µ + : ϕ,β(x1)ϕ
†
,µ(x2) : ∂
x1
α ∂
x2
ν
)
+
m2
2
hαβext(x1)h(x2)
(
: ϕ†,α(x1)ϕ(x2) : ∂
x1
β + : ϕ,β(x1)ϕ
†(x2) : ∂x1α
)
+
m2
2
hext(x1)h
µν(x2)
(
: ϕ†(x1)ϕ,ν(x2) : ∂x2µ + : ϕ(x1)ϕ
†
,µ(x2) : ∂
x2
ν
)
− m
4
4
hext(x1)h(x2)
(
: ϕ†(x1)ϕ(x2) : + : ϕ(x1)ϕ†(x2) :
)}
iDm(x1 − x2)
Ê[ h³ Ë
[] ]UTTeXTVTX k ]gT al XY]]YRZ W| ]gT f`ba`X SYa]UY\b]YWR
Dm(x1, x2)
Ya `X^`ma ]UYV Y`X k Y hT h
iDm(x1 − x2) = iDretm (x1 − x2)− iDavm (x1 − x2)
ygba ^T ²RS
R2(x1, x2) ∼ iDretm (x1 − x2)
ÝT] k ^T g`VT ]W ST]TU_ YRT
R′2
µ«
R′2(x1, x2) = − T (x2)Text(x1)
= κ2
{
hµν(x2)h
αβ
ext(x1)
(
: ϕ†,µ(x2)ϕ,β(x1) : ∂
x2
ν ∂
x1
α + : ϕ,ν(x2)ϕ
†
,α(x1) : ∂
x2
µ ∂
x1
β
)
− m
2
2
hµν(x2)hext(x1)
(
: ϕ†,µ(x2)ϕ(x1) : ∂
x2
ν + : ϕ,ν(x2)ϕ
†(x1) : ∂x2µ
)
− m
2
2
h(x2)h
αβ
ext(x1)
(
: ϕ†(x2)ϕ,β(x1) : ∂x1α + : ϕ(x2)ϕ
†
,α(x1) : ∂
x1
β
)
+
m4
4
h(x2)hext(x1)
(
: ϕ†(x2)ϕ(x1) : + : ϕ(x2)ϕ†(x1) :
)}
iD(−)m (x1 − x2)
Ê[ h«Ë
ygTR k ]gT aTfWRS WUSTU SYa]UY\b]YWR Ya ZYVTR \m
T2(x1, x2) = R2 −R′2 ∼
(
iDretm (x1 − x2)− iD(−)m (x1 − x2)
)
= iDFm(x1 − x2)
^gTUT ]gT _ `aaYVT oTmR_ `R lUWl`Z`]WU Ya ZYVTR `ffWUSYRZ ]W ³ h§} h ygTR ^T ²RS
T2(x1, x2) = R2 −R′2
= κ2
{
hαβext(x1)h
µν(x2)
(
: ϕ†,α(x1)ϕ,ν(x2) : ∂
x1
β ∂
x2
µ + : ϕ,β(x1)ϕ
†
,µ(x2) : ∂
x1
α ∂
x2
ν
)
− m
2
2
hαβext(x1)h(x2)
(
: ϕ†,α(x1)ϕ(x2) : ∂
x1
β + : ϕ,β(x1)ϕ
†(x2) : ∂x1α
)
− m
2
2
hext(x1)h
µν(x2)
(
: ϕ†(x1)ϕ,ν(x2) : ∂x2µ + : ϕ(x1)ϕ
†
,µ(x2) : ∂
x2
ν
)
+
m4
4
hext(x1)h(x2)
(
: ϕ†(x1)ϕ(x2) : + : ϕ(x1)ϕ†(x2) :
)}
iDFm(x1 − x2)
Ê[ hµË
ÝW]T k ]g`] ]gT SmR`_ Yfa SW RW] _ Y l`U]YfXT alTfYTa h
 ¸¹ÇçÅÉX µ êëÅÉÈçè ÉŁXÅçè
QR ]gYa l`U] W| ]gT `llTRSY k ]gT a]Tla W| a
w
b`UYRZ ]gT _ `]UY TXT_ TR] `RS YR]TZU`]YRZ
WVTU ]gT algTUYf`X `RZXTa
dΩk
`UT l TU|WU_TS h oWU ]gT a
w
b`UYRZ lUW fTSbUT
∑
± |M±|2
k
^T UT|TU ]W ]gT SYafbaaYWR YR aTf]YWR ª h§hª h QR ]gT XY_ Y] W| ]gT
QGB
e`llUW Y_ `]YWR k ]gT
_ `]UY TXT_ TR] Ya ZYVTR k `ffWUSYRZ ]W ³ hª §k \m
M± ≈ A ερσ∗± (~k)
{−a1QAρσ + a2QBρσ}
^gTUT ]gT
Q′s
`UT ZYVTR \m ³ h}Õ
QAρσ = pfρ(pf + k)σ
QBρσ = piρ(pi − k)σ
µµ
`RS ]gT
A
`RS
a′s
\m ³ hª¹
A =
2iG2NMm
pi
3
2ω
√
ωε2Θ′ 2
a1 =
1
(1 − v cosΘfk)
a2 =
1
(1 − v cosΘ)
~Tf`XX |UW_ aTf]YWR ª h§hª k ª hªª k a
w
b`UYRZ ]gT _ `]UY TXT_ TR] fWRaYa]a W| `f]YRZ ^ Y]g
]gT lWX`UYj`]YWR ab_ |bRf]YWR
Pµνµ
′ν′
(0)
|WU ]gT ]^W lgmaYf`X lWX`UYj`]YWR a]`]Ta ± WR ]gT
a
w
b`UT W| ]gT _ `]UY TXT_ TR] `a
∑
±
∣∣∣M±∣∣∣2 = ∑
±
∣∣∣ερσ∗± (~k)Mρσ∣∣∣2
=
∑
±
∣∣∣ερσ∗± (~k)∣∣∣2∣∣∣Mρσ∣∣∣2
=
∑
±
ερσ± (~k) ε
ρ′σ′∗
± (~k)MρσM∗ρ′σ′
= P ρσρ
′σ′
(0) MρσM∗ρ′σ′
]gba
∑
±
|M±|2 = P ρσρ
′σ′
(0) MρσM∗ρ′σ′
≈ AA∗ P ρσρ′σ′(0)
{
− a1QAρσ + a2QBρσ
}{−a1QAρ′σ′ + a2QBρ′σ′}
≈ AA∗

a21 P ρσρ
′σ′
(0) Q
A
ρσQ
A
ρ′σ′︸ ︷︷ ︸
A1
−a1a2 P ρσρ
′σ′
(0) Q
A
ρσQ
B
ρ′σ′︸ ︷︷ ︸
A23
− a1a2 P ρσρ
′σ′
(0) Q
A
ρ′σ′Q
B
ρσ︸ ︷︷ ︸
A32
+a22 P
ρσρ′σ′
(0) Q
B
ρ′σ′Q
B
ρσ︸ ︷︷ ︸
A4


≈ AA∗
{
a21A1 − 2a1a2A2,3 + a22A4
}
Êx h§Ë
^gTUT ^T X`\ TX ]gT fWR]UY\b]YWRa |UW_ ]gT ]TU_ a
A23
`RS
A32
\m
A23 = A32 := A2,3
aYRfT ]gTm `UT YSTR]Yf`X h ygT _ `aaXTaa lWX`UYj`]YWR ab_ |bRf]YWR
Pµνµ
′ν′
(0)
Ya ZYVTR \m ª h³ª
P ρσρ
′σ′
(0) =
1
2
{
Πρρ
′
Πσσ
′
+ Πρσ
′
Πσρ
′ −ΠρσΠρ′σ′
}
^gTUT ]gT 
Π
e]TRaWU Ya ZYVTR `ffWUSYRZ ]W ª h³µ \m
µ´
Πρσ =
k˜ρkσ + kσk˜ρ
kk˜
− ηρσ
QR WUSTU ]W aY_lXY|m ]gT TlUTaaYWRa k ^T _ `nT baT W| ]gT |WXXW^ YRZ RW]`]YWR
ε+i = (1 + v cosΘ)
ε−i = (1− v cosΘ)
ε+f = (1 + v cosΘfk)
ε−f = (1− v cosΘfk)
Êx h}Ë
`RS
kk˜ = 2ω2
pi,f k˜ = εωε
+
i,f
pi,fk = εωε
−
i,f
Êx hªË
º
A1
ygT fWR]UY\b]YWR YR x h§ |UW_ ]gT ]TU_
A1
Ya
a21 P
ρσρ′σ′
(0) Q
A
ρσQ
A
ρ′σ′ = a
2
1 P
ρσρ′σ′
(0)
(
pfρ(pf + k)σ
)(
pfρ′(pf + k)σ′
)
≈ a
2
1
2
[
ε4fε
+2
f ε
−2
f − 2m2ε2fε+f ε−f +m4
] Êx h³ Ë
^gTUT ^T g`VT RTZXTf]TS WRXm WUSTU
O
(
ω
ε
)
k `XX WUSTUa W| m
ε
^TUT nTl] h QR ]gT lUTaTR]
fWR]T] k Y] Ya fXT`U ]g`]
ε−2
_T`Ra
(ε−)2
h
º
A2,3
ygT fWR]UY\b]YWR YR x h§ |UW_ ]gT ]TU_
A23
`RS
A32
Ya
−a1a2 P ρσρ
′σ′
(0) Q
A
ρσQ
B
ρ′σ′ = − a1a2 P ρσρ
′σ′
(0)
(
pfρ(pf + k)σ
)(
piρ′(pi − k)σ′
)
≈ − a1a2
2
[
ε2i ε
2
f
2
[
ε−2i ε
+2
f + ε
+2
i ε
−2
f
]
− 2m2εfεi
(
ε−i ε
+
f + ε
+
i ε
−
f
)
+m2εfεi
(
ε−f ε
+
f + ε
+
i ε
−
i
)
+m4
]
Êx h«Ë
^gTUT `Z`YR WUSTU
O
(
ω
ε
)
Ya RTZXTf]TS ^gYXT
O
(
m2
ε2
)
< 1
Ya ]`nTR ]W \ T a_ `XX h
µ±
º
A4
ygT fWR]UY\b]YWR YR x h§ |UW_ ]gT ]TU_
A4
Ya
a22 P
ρσρ′σ′
(0) Q
B
ρ′σ′Q
B
ρσ = a
2
2 P
ρσρ′σ′
(0)
(
piρ′(pi − k)σ′
)(
piρ(pi − k)σ
)
≈ a
2
2
2
[
ε4i ε
−2
i ε
+2
i − 2m2ε2i ε+i ε−i +m4
] Êx hµË
^gTUT ≈ _T`Ra WUSTU O (ωε ) Ya RTZXTf]TS h QR ]gT |WXXW^ YRZ k ^T aT] εi = εf = ε k `llXm
]gT
QGB
e`llUW Y_ `]YWR `RS _ `nT baT W|
(1−v cosΘfk)→ (1−v cosΘ−vΘ′ sinΘ cosϕ)
Y hT h nTTlYRZ WUSTU
O(mε )
h ygTR ]gT a
w
b`UTS _ `]UY TXT_TR] `ffWUSYRZ ]W x h§ Ya
∑
±
|M±|2 = P ρσρ
′σ′
(0) MρσM∗ρ′σ′
≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
{
a21A1 − 2a1a2A2,3 + a22A4
}
≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
{
A1
(1− v cosΘ− vΘ′ sinΘ cosϕ)2
− 2A2,3
(1− v cosΘ)(1− v cosΘ− vΘ′ sinΘ cosϕ) +
A4
(1− v cosΘ)2
}
≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
{
(1 − v cosΘ)2A1
(1 − v cosΘ)2(1− v cosΘ− vΘ′ sinΘ cosϕ)2︸ ︷︷ ︸
IA1
− 2 (1− v cosΘ)(1− v cosΘ− vΘ
′ sinΘ cosϕ)A2,3
(1 − v cosΘ− vΘ′ sinΘ cosϕ)2︸ ︷︷ ︸
IA2,3
+
(1− v cosΘ− vΘ′ sinΘ cosϕ)2A4
(1 − v cosΘ− vΘ′ sinΘ cosϕ)2︸ ︷︷ ︸
IA4
}
≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
{
IA1 − 2IA2,3 + IA4
}
Êx h´Ë
µÕ
ygT ]TU_ a fWR]`YRYRZ ]UYZWRW_ T]UYf |bRf]YWRa `UT ]UT`]TS `a |WXXW^ a å tYRfT ]gT Te
lUTaaYWR |WU ]gT a
w
b`UTS _ `]UY TXT_ TR] x h´ ab_ bl ]W jTUW k Y| ^T RTZXTf] WUSTU
O(mε )
Y hT h \m `aaYZRYRZ
cosΘfk ∼ cosΘ k ^T \`aYf`XXm nTTl WUSTU O(mε )
YR ]gT Rb_TU`]WU `RS
RTZXTf] Y] YR ]gT STRW_ YR`]WU h xb] YR WUSTU ]W g`VT fWR]UWX WVTU ]gT V`UYWba TlUTaaYWRa k
^T ^ YXX baT ]gT |WXXW^ YRZ RW]`]YWR
t := 1 + v cosΘ
s := 1− v cosΘ
c := vΘ′ sinΘ cosϕ
Êx h±Ë
Y hT h ^ Y]g ]gT algTUYf`X fWaYRT k ^T g`VT
(1−v cosΘfk) = (1−v cosΘ−vΘ′ sinΘ cosϕ) =
(s− c) k ]gTR ^T ²RS |WU ]gT awb`UTS _ `]UY TXT_TR] `ffWUSYRZ ]W x h´
∑
±
|M±|2 ≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
{
s2A1 − 2s(s− c)A2,3 + (s− c)2 A4
s2(s− c)2
}
Êx hÕË
tYRfT ^T `UT |`fYRZ ]gT YR]TZU`]YWR WVTU ]gT algTUYf`X `RZXTa
dΩk = sinΘdΘdϕ
k ^T
^ YXX YRSYf`]T Y] |UW_ RW^ WR h
º
IA1
[ffWUSYRZ ]W x h³ `RS ^ Y]g ]gT gTXl W| x h} k ]gT fWR]UY\b]YWR YR x h´ |UW_ ]gT ]TU_
A1
k
baYRZ x h± Ya
IA1 dΩk =
s2A1
s2(s− c)2 dΩk
=
A1
(s− c)2 dΩk
=
1
2
[
ε4fε
+2
f ε
−2
f − 2m2ε2fε+f ε−f +m4
]
(s− c)2 dΩk
=
1
2
[
ε4(1− v2 cos2Θfk)2 − 2m2ε2(1 − v2 cos2Θfk) +m4
]
(s− c)2 dΩk
=
1
2
{
ε4(t+ c)2 − 2m
2ε2(t+ c)
(s− c) +
m4
(s− c)2
}
dΩk
Êx h§¹Ë
º
IA2,3
[ffWUSYRZ ]W x h« `RS ^ Y]g ]gT gTXl W| x h} k ]gT fWR]UY\b]YWR YR x h´ |UW_ ]gT ]TU_
A2,3
k
baYRZ x h± Ya
´¹
IA2,3 dΩk =
s(s− c)A2,3
s2(s− c)2 dΩk
=
A2,3
s(s− c) dΩk
=
1
2
{ ε2i ε2f
2
[
ε−2i ε
+2
f + ε
+2
i ε
−2
f
]
− 2m2εfεi
(
ε−i ε
+
f + ε
+
i ε
−
f
)
s(s− c)
+
m2εfεi
(
ε−f ε
+
f + ε
+
i ε
−
i
)
+m4
s(s− c)
}
dΩk
=
1
2
{
ε4
2 (1 − v cosΘ)2(1 + v cosΘfk)2
s(s− c)
+
ε4
2 (1 + v cosΘ)
2(1 − v cosΘfk)2
s(s− c)
−
2m2ε2
[
(1− v cosΘ)(1 + v cosΘfk) + (1 + v cosΘ)(1− v cosΘfk)
]
s(s− c)
+
m2ε2
[
(1− v cosΘfk)(1 + v cosΘfk) + (1 + v cosΘ)(1− v cosΘ)
]
s(s− c)
+
m4
s(s− c)
}
dΩk
=
1
2
{
ε4
2
[s(t+ c)2
(s− c) +
t2(s− c)
s
]
− 2m2ε2
[ (t+ c)
(s− c) +
t
s
]
+m2ε2
[ (t+ c)
s
+
t
(s− c)
]
+
m4
s(s− c)
}
dΩk
Êx h§§Ë
º
IA4
[ffWUSYRZ ]W x hµ `RS ^ Y]g ]gT gTXl W| x h} k ]gT fWR]UY\b]YWR YR x h´ |UW_ ]gT ]TU_
A4
k
baYRZ x h± Ya
´§
IA4 dΩk =
(s− c)2A4
s2(s− c)2 dΩk
=
A4
s2
dΩk
=
1
2
[
ε4i ε
+2
i ε
−2
i − 2m2ε2i ε+i ε−i +m4
]
s2
dΩk
=
1
2
[
ε4(1 − v2 cos2Θ)2 − 2m2ε2(1 − v2 cos2Θ) +m4
]
s2
dΩk
=
1
2
{
ε4t2 − 2m
2ε2t
s
+
m4
s2
}
dΩk
Êx h§}Ë
ÝW^ k `XX fWR]UY\b]YWRa `ffWUSYRZ ]W x h§¹ k x h§§ `RS x h§} ]WZT]gTU `UT
{
IA1 − 2IA2,3 + IA4
}
dΩk =
{
s2A1 − 2s(s− c)A2,3 + (s− c)2 A4
s2(s− c)2
}
dΩk
=
1
2
{
ε4(t+ c)2 − 2m2ε2 (t+ c)
(s− c) +
m4
(s− c)2
− 2
[ε4
2
s(t+ c)2
(s− c) +
ε4
2
t2(s− c)
s
− 2m2ε2 (t+ c)
(s− c)
− 2m2ε2 t
s
+m2ε2
(t+ c)
s
+m2ε2
t
(s− c) +
m4
s(s− c)
]
+ ε4t2 − 2m2ε2 t
s
+
m4
s2
}
dΩk
Êx h§ªË
[a ` fgTfn k Y| ^T RTZXTf]
c = vΘ′ sinΘ cosϕ
W| WUSTU
O(mε )
YR x h§ª k ]gT TR]YUT
TlUTaaYWR V`RYagTa `a Y] agWbXS h ygYa Y_lXYTa k ]g`] ]gT abUVYVYRZ TlUTaaYWR Ya W| WUSTU
Θ′2
k \ Tf`baT ]gT ]TU_ a k XYRT`U YR
cosϕ
^WbXS V`RYag \m ]gT YR]TZU`]YWR
[0, 2pi]
h ygba k
]gT XT`SYRZ ]TU_ YR x h§ª k YR]TZU`]TS WVTU ]gT algTUYf`X `RZXTa k Ya
∫ {
IA1 − 2IA2,3 + IA4
}
dΩk ≈ ε
4v2Θ′ 2
2
∫ pi
0
∫ 2pi
0
sin2Θcos2 ϕ sinΘ dΘ dϕ
≈ 2piε
4v2Θ′ 2
3
Êx h§³ Ë
oWU ]gT a
w
b`UTS `RS YR]TZU`]TS _ `]UY TXT_ TR] M± k YR ]gT XY_ Y] W| ]gT QGBe
`llUW Y_ `]YWR k `ffWUSYRZ ]W x h´ `RS x h§³ ^T ²RS
∫ ∑
±
|M±|2 dΩk ≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
∫ {
IA1 − 2IA2,3 + IA4
}
dΩk
≈ 4G
4
NM
2m2
pi3ω3ε4Θ′ 4
{
2piε4v2Θ′ 2
3
}
≈ 8v
2G4NM
2m2
3pi2ω3Θ′ 2
Êx h§«Ë
ygYa TlUTaaYWR ^ YXX \ T YR aTU]TS YR]W ]gT SYvTUTR]Y`X fUWaa aTf]YWR ³ hª³ h
´}
» îÅÈ
Ô§Ö Ý h Ý h xWZWXYb\WV k º h p h tgYUnWV å ¼ÐÒáÛVøßÒÏÛÐ ÒÛ Òà Ó §à ÓÛá½ Û
â
 øÙÐÒÏ© ÓV ¾ ÏÓÚVÑh
s YXTmeQR]TUafYTRfT k ÝT^ äWUn §Õ±¹ k ª hTS h
Ô}Ö s h ×TY]XTU å §à Ó  øÙÐÒøﬀ §à ÓÛá½ Û
â ¿
ÙVÏÙÒÏÛÐh ã|WUS ÍRYVTUaY]m © UTaa k qWRSWR
§Õ«³ k ª hTS h
ÔªÖ  h º h `fnaWR å ¨X`aaYf`X i XTf]UWSmR`_ Yfa h s YXTmk ÝT^ äWUn §Õ´« k } hTS h
Ô³Ö  h  h `bfg k o h ~WgUXYfg å §à Ó §à ÓÛá½ Û
â
¥à ÛÒÛÐÑ ÙÐV Î ÚÓßÒáÛÐÑh tlUYRZTU k xTUXYR
§Õ´µ h
Ô«Ö ~ h Wa] å §à Ó
õ
ÓÐÓáÙÚ Òà ÓÛá½ Û
â À
øÙÐÒÏ©ÓV Á ÓÚVÑh [_TUYf`R `]g h tWf h ©b\XYf`]YWRa k
§Õµª
ÔµÖ ¨ h s h  YaRTU k x h t h ygWURT k  h [ h s gTTXTU å ØáÙÜÏÒÙÒÏÛÐh oUTT_ `R k ÝT^ äWUn §Õ´ª
Ô´Ö Ý h o h W]] k × h t h s h `aaTm å §à Ó §à ÓÛá½ Û
â Â
ÒÛﬀ Ïß ÃÛÚ ÚÏÑÏÛÐ h ã|WUS ÍRYVTUaY]m
©UTaa k qWRSWR §Õµ« k ª hTS h
Ô±Ö c h tfg`U| å  øÙÐÒøﬀ ØÙø
õ
Ó §à ÓÛáÏÓÑ ¡
Â
§áøÓ ØàÛÑÒ ÞÒÛá½ k s YXTmeQR]TUafYTRfT k
ÝT^ äWUn }¹¹ §h
ÔÕÖ c h tfg`U| å ¾ ÏÐ ÏÒÓ  øÙÐÒøﬀ Î ÚÓßÒáÛV½ÐÙﬀ ÏßÑ Ä §à Ó ÃÙøÑÙÚ
Â
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